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S�JFV"b ×¢[\ZOTUL�HKJML�Ø¦ZOTW×
ÙFcÅH^LWb ZOJËØ¦ZOT�LWÚFVÊSÛÜ�N�HKTWbÅNUb JFX¢Ø¦TWZO×ÝLWÚFV
×¢Z�_�V�c c b JFXg[FTWZ�Þ�VRNWN�bÅN
LWÚDH^L�ZKØ�LWÚFV¢ßAàDáãâlá¿ä^å�æ\ä^å çDè6é'êWëOì�å è�íïî¦ðyñò'ó'Ø¦ZOT6SÛÜõô ö^÷ÆC\øvÚFV"XOZMHKc�b J�LWÚFV"ðyñòùbÅN�LWZ
ú JD_¢HØ¦ÙFJDÞALWb ZOJ¢û¨üKð ý+þ9ð ý�ÿ�H^L�HKJ�b JMLWV�T��^HKc�ô ���������^÷FXOb �OV�J�b L�N	�^HKc ÙFV�H^L
���OQKû¯î����~ó
�ùû�OQ
HKJD_ËHÊN���NpLWV�× Ø¦ÙFJDÞALWb ZOJ��IüKð ý��Ëð ý�ÿþ9ð ý�ÿØ¦ÙFc ú c c b JFXÊLWÚDH^L�û��Uî��Uó
����î����UûFóAC
øvÚFV¨Þ�ZO×¢[FÙ�L�H^LWb ZOJDHKc'_�V�×ÊHKJD_FN"ZKØvLWÚFV¨JxÙF×¢V�TWbÅÞ�HKc%×¢V�LWÚFZ�_FN"LWZÀNUZOc �OVÊðyñò�N�Q7HKJD_

LWÚFVËÞ�ZO×¢[Fc V���b L��2ZKØvLWÚFV¨ðyñò�N���ÚFbÅÞ�ÚÃHKTWbÅNUVgb JG[FT�HOÞALWbÅÞ�HKc'HK[F[Fc bÅÞ�H^LWb ZOJDN�Q7NUÙFXOXOVRNpL�N£LWÚFV
ÙDNUV�ZKØ¯V��gÞ�b V�JML'HKc XOZOTWb LWÚF×ÊN7Ø¦ZOT�Û�bÅNpLWTWb �FÙ�LWVR_��yE�V�×¢ZOT���ò�HKT�HKc c V�cFEIHOÞ�ÚFb JFVRN�î¿ÛEIò�EIN�óAC
ðyJùZOT�_�V�TgLWZ HOÞ�ÚFb V �OVIHKJ HOÞ�Þ�V�[�L�H�Fc V�[\V�TUØ¦ZOTW×ÊHKJDÞ�VIZOJ+HÃÛEIò�EGQ�LWÚFVÀ[DHKT�HKc c V�c

_�VRNUb XOJgZKØ¯LWÚFbÅN"!xb JD_gZKØ�JxÙF×¢V�TWbÅÞ�HKc\NUZKØãL��vHKTWV�×
ÙDNpL�L�H!OV�b JMLWZ�HOÞ�Þ�ZOÙFJML$#~ó�LWÚFV�L�HON�!¢HKJD_
_FH^L�H¨[DHKT�HKc c V�c bÅNU×?V���ÚFb �Fb LWVR_%����LWÚFV�×¢V�LWÚFZ�_ î¦ÙDNUÙDHKc c �OQ¯NUV �OV�T�HKc7NUÙ&�5Þ�ZO×¢[FÙ�L�H^LWb ZOJDNb J
H�LWb ×¢V
NpLWV�[IÞ�HKJ'�\V"V���VRÞ�Ù�LWVR_�NUb ×
ÙFc L�HKJFV�ZOÙDNUc �¨HKJD_�VRHOÞ�Ú�ZOJFV6bÅN�Þ�ZO×¢[\ZMNUVR_ËZKØ�c b JFVRHKT
HKc XOV �FT�HËZO[\V�T�H^LWb ZOJDN�ó)(Oó�LWÚFVËÞ�ÚDHKT�HOÞALWV�TWbÅNpLWbÅÞ�NZKØvLWÚFVg[DHKTULWbÅÞ�ÙFcÅHKT"ÛEIò�E0HKJD_GöMóLWÚFV
[DHKTULWbÅÞ�ÙFcÅHKT�NpLWTWÙDÞALWÙFTWV£ZKØ7LWÚFV6ðyñò*��ÚFZMNUV£V���[Fc ZOb L�H^LWb ZOJËbÅNvØ¦ÙFJD_FHK×¢V�JML�HKclC
a�ÙFTWTWV�JMLWc �OQ�LWÚFVv_�V �OV�c ZO[F×¢V�JML�ZKØD[DHKT�HKc c V�cMNUZKØãL��vHKTWV%Ø¦ZOT�LWÚFVRNUVvHK[F[Fc bÅÞ�H^LWb ZOJDN+�\V�JFV ú L�N

Ø¦TWZO× L��'ZÊÞ�ZOJMLWTWb �FÙ�LWb ZOJDN�ü
, øvÚFVË_�V �OV�c ZO[F×¢V�JML
ZKØ�TWV�ÙDNWH�Fc VËNUZKØãL��vHKTWVgÞ�ZO×¢[\ZOJFV�JML�N"ZKØ�[DHKT�HKc c V�c%c b JFVRHKT¢HKc XOV �FT�H
c b �FT�HKTWb VRNvô (~÷�Ø¦ZOT%ÛEIò�EIN�Q��ÚFbÅÞ�Ú�V�JDÞ�HK[DNUÙFcÅH^LWV'LWÚFV�_�V�L�HKb cÅN�H�\ZOÙ�L�LWÚFV�V��gÞ�b V�JML.-�ò�EIÛ
b ×¢[Fc V�×¢V�JML�H^LWb ZOJ�ZKØ7×ÊHKJ��¨NpL�HKJD_FHKT�_ËNUZOc Ù�LWb ZOJË×¢V�LWÚFZ�_FN�C
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, øvÚFV¢ÚFb V�T�HKT�Þ�ÚFbÅÞ�HKc�V���VRÞ�Ù�LWb ZOJ2N���NpLWV�×ÊN�LWZ�V���[Fc ZOb LLWÚFV¢×¢b ��VR_I[DHKT�HKc c V�c bÅNU×�ô �xQ��^÷�Ø¿H �
Þ�b c b L�H^LWV¢LWÚFVgXOV�JFV�T�H^LWb ZOJ2ZKØvXOTWZOÙF[ -�ò�EIÛ [FTWZOXOT�HK×ÊNb J ��ÚFbÅÞ�ÚGNUV �OV�T�HKc"-�ò�EIÛ NUÙ&���
[FTWZOXOT�HK×ÊNHKTWV�V���VRÞ�Ù�LWVR_%���I_�bÅN��pZOb JML6[FTWZ�Þ�VRNWNUZOTXOTWZOÙF[DN�b J [DHKT�HKc c V�clC5øvÚFbÅN£V���VRÞ�Ù�LWb ZOJ
×¢Z�_�V�c�bÅNNU[\VRÞ�bÅHKc c �ËNUÙFb L�H�Fc V6LWZ¨V���[Fc ZOb L�LWÚFV"[\ZKLWV�JMLWbÅHKc�L�HON�!�HKJD_�_FH^L�HÊ[DHKT�HKc c V�c bÅNU×ÝZKØ
LWÚFVRNUVÊHK[F[Fc bÅÞ�H^LWb ZOJDN£HKJD_�LWÚFVÊEIò%ð�NpL�HKJD_FHKT�_I×ÊH!OVRNb L6[\ZMNWNUb �Fc V�b L�N£b ×¢[Fc V�×¢V�JML�H^LWb ZOJ
ZOJ ÛEIò�EIN�C�øvÚFV��
	�ë��ùØ¦T�HK×¢V �'ZOT�! ô �^÷'Ø¦ZOT�LWÚFV�_�V�TWb �^H^LWb ZOJ ZKØ�[DHKT�HKc c V�c�[FTWZOXOT�HK×ÊN
HKJD_�LWÚFV�ò¯`�ý�`�Û�ð�£E Þ�ZO×¢[Fb c V�T�N���NpLWV�×ïô �R÷5HKTWV�TWV�c V �^HKJML�Þ�ZOJMLWTWb �FÙ�LWb ZOJDN�b J¢LWÚFbÅN�HKTWVRHFC
��Z �'V �OV�TRQOLWÚFVRNUV"HK[F[FTWZMHOÞ�ÚFVRN�×ÊH � �\V�JFV ú L�Ø¦TWZO× V���[Fc bÅÞ�b L�Þ�ZOJDNpLWTWÙDÞAL�N�LWZDüFHMó�×ÊHKb JML�HKb J
HKJD_ NUV�c VRÞAL�HK×¢ZOJFX�×
ÙFc LWb [Fc Vgb ×¢[Fc V�×¢V�JML�H^LWb ZOJDN"ZKØ�HKJ ZO[\V�T�H^LWb ZOJ b JGHKJGV�c V�XMHKJML"HKJD_
N���NpLWV�×ÊH^LWbÅÞ �vH � î¿Þ�HKc c VR_��Dè�ê���ë^êAíÊä^à���è��Dë^å �^íÊë^ê����xá��AíÝb J ô ��Q��K÷¦óAQ¯HKJD_ �\ó�V���[Fc ZOb LLWÚFV
[DHKTULWbÅÞ�ÙFcÅHKT�NpLWTWÙDÞALWÙFTWV£ZKØ7LWÚFV6ðyñò�N�C

�2V6[FTWZO[\ZMNUV"H¢×¢V�LWÚFZ�_�ZOc ZOXObÅÞ�HKc�HK[F[FTWZMHOÞ�Ú �DHONUVR_ËZOJ�c b JFVRHKT�HKc XOV �FT�H¢Þ�ZO×¢[\ZOJFV�JML�N
Ø¦ZOT2_�V�TWb �xb JFXùXOTWZOÙF[ -�ò�EIÛ [FTWZOXOT�HK×ÊNËLWZ NUZOc �OV SÛÜ�N�C�øvÚFbÅN2HK[F[FTWZMHOÞ�Ú�QvLWV�TW×¢VR_
a�SEIòvSÛÜ.-5QKb JDÞ�c ÙD_�VRN�V���[Fc bÅÞ�b LvÞ�ZOJDNpLWTWÙDÞAL�N�Ø¦ZOT�[\V�TUØ¦ZOTW×ÊHKJDÞ�V�[\ZOc �x×¢ZOTW[FÚFbÅNU×�QKL�H!OVRN
b JMLWZ�HOÞ�Þ�ZOÙFJML%LWÚFVV���[Fc ZOb L�H^LWb ZOJÊZKØ�LWÚFV�[FTWZ �Fc V�× NpLWTWÙDÞALWÙFTWVHKJD_ÊV�JDH�Fc VRN�LWÚFV£NpLWTWÙDÞALWÙFT��
b JFXgZKØ�LWÚFV
_�V�TWb �^H^LWb ZOJ�[FTWZ�Þ�VRNWN ���Ëb JDÞ�c ÙD_�b JFXÊLWÚFTWV�V
Þ�c VRHKTWc �Ë_�V ú JFVR_�[FÚDHONUVRN�b J ��ÚFbÅÞ�Ú
ZO[�LWb ×¢b �RH^LWb ZOJDN�ZKØ5_�b �5V�TWV�JML�L��x[\VRN�Þ�HKJ �\V�Þ�HKTWTWb VR_"ZOÙ�LRCKøvÚFVv[FTWZO[\ZMNWHKcxbÅN�b c c ÙDNpLWT�H^LWVR_ ���
_�V�TWb �xb JFX�[DHKT�HKc c V�cxb ×¢[Fc V�×¢V�JML�H^LWb ZOJDN�Q^HO_FHK[�LWVR_6LWZ�L��'Z_�b �5V�TWV�JML�ðyñò�N�QRZKØ5HKJ�HO_��^HKJDÞ�VR_
JxÙF×¢V�TWbÅÞ�HKc�NWÞ�ÚFV�×¢VÊô  FQ!�K÷�LWZÊNUZOc �OV6NpLWb �GSÛÜ�N�C
` �FTWb V�Øb JMLWTWZ�_�ÙDÞALWb ZOJ LWZ a�SEIòvSÛÜ.-GbÅN¢[FTWVRNUV�JMLWVR_ b J NUVRÞALWb ZOJ (�C%øvÚFVËLWÚFTWV�V

Ø¦ZOc c Z ��b JFXÊNUVRÞALWb ZOJDNvb c c ÙDNpLWT�H^LWVLWÚFV¢a�SEIòvSÛÜ.-Ê[FÚDHONUVRN�HKJD_Ëb JMLWTWZ�_�ÙDÞ�V"H
LWVRÞ�ÚFJFb�"MÙFV
LWZgÞ�ZO×¢[Fc V�LWVLWÚFV6cÅHONpL�[FÚDHONUVOC -xZO×¢V"Þ�ZOJDÞ�c ÙDNUb ZOJDNvHKTWV6_�T�H ��JËb J�NUVRÞALWb ZOJ$#FC
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ðyJÀa�SEIòvSÛÜ.-5QxLWÚFV"_�VRNWÞ�TWb [�LWb ZOJËZKØ�LWÚFV6Ø¦ÙFJDÞALWb ZOJDHKc �\V�ÚDH �xb ZOÙFT�ZKØ�H�c b JFVRHKT�HKc XOV �FT�H
ZO[\V�T�H^LWb ZOJ bÅN¨_�VRÞ�ZOÙF[Fc VR_ Ø¦TWZO× LWÚFVI×
ÙFc LWb [Fc VIb ×¢[Fc V�×¢V�JML�H^LWb ZOJDN ��ÚFbÅÞ�Úù[FTWZ �xbÅ_�V�LWÚFV
NWHK×¢VËØ¦ÙFJDÞALWb ZOJDHKc b L��OC�øvÚFbÅN¢bÅNgHOÞ�ÚFb V �OVR_ ��� V�JDÞ�HK[DNUÙFcÅH^LWb JFX2VRHOÞ�Ú V�JMLWb L�� HON¢NUV�[DHKT�H^LWV
NUZKØãL��vHKTWV�Þ�ZO×¢[\ZOJFV�JML�N£ô ��Q!�K÷Æü
��ë^à���è:�5â;��îãØ¦ZOTW×ÊHKc5_�V ú JFb LWb ZOJDN'ZKØ�ZO[\V�T�H^LWb ZOJDN�ó%HKJD_�êWè�ä^å á=<
> ä^âlá¿ë^à?�"î¦[DHKTULWbÅÞ�ÙFcÅHKT�b ×¢[Fc V�×¢V�JML�H^LWb ZOJDN�óAC\Ü�HOÞ�Ú�Þ�ZOJDÞ�V�[�LÞ�HKJ�ÚDH �OV"NUV �OV�T�HKc�HONWNUZ�Þ�bÅH^LWVR_
TWVRHKc b �RH^LWb ZOJDN�CKøvÚFbÅN�V���[Fc bÅÞ�b L'_�bÅNpLWb JDÞALWb ZOJÊHKc c Z ��N�ÙDN�LWZ"NUV�c VRÞAL%LWÚFV�b ×¢[Fc V�×¢V�JML�H^LWb ZOJ¢LWÚDH^L
Z@�5V�T�N'LWÚFV)�\VRNpL�[\V�TUØ¦ZOTW×ÊHKJDÞ�Vb J�H�[DHKTULWbÅÞ�ÙFcÅHKT�Þ�ZOJMLWV��xL"îãL�HKTWXOV�L�×ÊHOÞ�ÚFb JFVOQ�ðyñò�QFV�L�ÞKC óAC
` Þ�ZOJDÞ�V�[�Lgî�A�BDC?EGF@H9I@C@JDó�LWÚDH^L"_�V�JFZKLWVRN�LWÚFVÊÞ�ZO×¢[FÙ�L�H^LWb ZOJÀZKØvHKJ2HK[F[FTWZ ��b ×ÊH^LWb ZOJ

LWZgLWÚFV¢BMHOÞ�Z �FbÅHKJ�ZKØ�HÊØ¦ÙFJDÞALWb ZOJ � H^L£Hg[\ZOb JMLÊî����UûFóLK2ð ý�ÿNM P bÅN�[FTWVRNUV�JMLWVR_�b JPO7b XOÙFTWV
#OC5ø �'ZË_�b �5V�TWV�JML£TWVRHKc b �RH^LWb ZOJDN�Ø¦ZOT�A�BDC?EGF@H9I@C@JËHKTWV
NUÚFZ ��J�ü9QSRUT VXW
Y[Z]\@^N_`YDaGV�JDÞ�HK[��
NUÙFcÅH^LWVRN�H
NUV�"MÙFV�JMLWbÅHKcDb ×¢[Fc V�×¢V�JML�H^LWb ZOJgZKØ5LWÚFV�ZO[\V�T�H^LWb ZOJgHKJD_¢LWÚFV�[DHKT�HKc c V�cFTWVRHKc b �RH^LWb ZOJ
bdc;\eZgf VXW
Y[Z]\@^N_`YDaÀZ ��L�HKb JDN�H �Fc Z�Þ !¨Þ�ZOc ÙF×¢J�_�bÅNpLWTWb �FÙ�LWb ZOJËZKØ7LWÚFV"BMHOÞ�Z �FbÅHKJ¨×ÊH^LWTWb �¯C
`=TWVRHKc b �RH^LWb ZOJgÚDHONvH�Þ�c b V�JML�� �xbÅNUb �Fc V£[DHKTULRQ�Þ�HKc c VR_ÊLWÚFVd�Fè�äGhOè�êAQ ��ÚFbÅÞ�ÚË_�VRNWÞ�TWb �\VRN'LWÚFV

HONU[\VRÞAL�N�LWÚDH^L×
ÙDNpL �\V !xJFZ ��JËLWZ¨ÙDNUV6LWÚFV�Þ�Z�_�V¨î¿Þ�HKc c VR_�LWÚFV�ì�ë�he��ó�b JDÞ�c ÙD_�b JFXDü5HMóvLWÚFV
_�bÅNpLWTWb �FÙ�LWb ZOJ�ZKØ\LWÚFV�HKTWT�H �6HKTWXOÙF×¢V�JML�N�HK×¢ZOJFX�LWÚFV�[FTWZ�Þ�VRNWNUZOT�N�ô �K÷ÆQ �\ó�H�Ø¦ZOTW×
ÙFcÅH$��ÚFbÅÞ�Ú
VRNpLWb ×ÊH^LWVRN�b L�N�TWÙFJMLWb ×¢VvØ¦TWZO×É[DHKT�HK×¢V�LWV�T�N�_�VRNWÞ�TWb �Fb JFXLWÚFV�_FH^L�H6_�bÅNpLWTWb �FÙ�LWb ZOJDN�Q^LWÚFVvL�HKT��
XOV�L'×ÊHOÞ�ÚFb JFV¢î¦JxÙF× �\V�T'ZKØ�[FTWZ�Þ�VRNWNUZOT�Nji¢Qx[\V�T.�'ZOT�_gÞ�ZO×¢×
ÙFJFbÅÞ�H^LWb ZOJ¨Þ�ZMNpL.�!k'QxNpL�HKTULWÙF[
LWb ×¢V)��l~Q�V�L�ÞKC óAQ\HKJD_¨[FTWZ �Fc V�×ÝNUb ��VOQFHKJD_�ÞRó�LWÚFV"NpLWZOT�HKXOVNWÞ�ÚFV�×¢V£ZKØ7LWÚFV"HKTWXOÙF×¢V�JML�N�C

�2VÚDH �OV�_�V ú JFVR_¨H�NU[\VRÞ�bÅHKc b �RH^LWb ZOJÊ×¢VRÞ�ÚDHKJFbÅNU×1LWZ�HO_FHK[�L�H
Þ�ZOJDÞ�V�[�L'LWZ�_�VRHKc ��b LWÚ
LWÚFV�[DHKTULWbÅÞ�ÙFcÅHKT�NpLWTWÙDÞALWÙFTWV�ZKØ\b L�N%HKTWXOÙF×¢V�JML�N�CU�ùÚFV�JgH£Þ�ZOJDÞ�V�[�L�ÚDHON�JFZKL	�\V�V�J¢Z ��L�HKb JFVR_
���GLWÚFV�NU[\VRÞ�bÅHKc b �RH^LWb ZOJ ZKØH2[FTWV �xb ZOÙDNUc � V���bÅNpLWb JFX ZOJFVOQ �'V�NWH � LWÚDH^LÊb LÊbÅNÊHnmMè�à5è�êWä^å
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SUBROUTINE Block_MJacobian (...)

REALIZATION.HEADER FOR

PARAMETRIC
DATA.DISTRIBUTION
RUNTIME.FORMULA

RETURN

Mjacobian

Grid G

{ }

Block_MJacobian

REP BCYCLIC(G) ; (d,anint(d/P),G)y Jn

anint(d/NPROCS(G))
(d, tf, G, P, tc, tw, ts)

tf+ *(tf+4*d*tc)

CONCEPT MJacobian ( Integer    , Double , [  ], [Integer    , Double t , [  ]] [Double [  ] ], Double [     ] )

:{x:Integer ( [ ]=... An approximation to             by using forward differences)

IN FUNCTION FROM TO OUT

ENSURES

d t   y d f d yo d y1 d Jn d,d

for all i,j where (1<=x<=d)} Jn j,i f (t,y)j__

yi

REALIZATION

SUBROUTINE Seq_MJacobian (...)

REALIZATION.HEADER FOR

PARAMETRIC
DATA.DISTRIBUTION
RUNTIME.FORMULA

RETURN

Mjacobian

Grid G

{ }

Seq_MJacobian

REP REP(G) ; (G)y Jn

d*
(d, tf, G, tc, tw, ts)

tf+ (tf+4*d*tc)

BODY

CONCEPT SplitMJacobian MJacobianREDEFINES

SUPPRESS  IN FUNCTION

ADD(4)     IN

f
FUNCTION

FROM TO
REQUIRES

(Integer i,j, Double t, Double Y[d]) (Double DY[d])
fb

for all where for alli,j:{x:Integer where (1<=x<=d)} i<=j ( k:Integer

where (i<=k<=j), t:Double, y:Double[d]  ( (t,y)[k] = (i,j,t,y)[k]))f fb

CONCEPT BandedMJacobian MjacobianREDEFINES

ADD 4)  IN Integer Lw, Up
REQUIRES
for all where

IF where

THEN

(

y1,y2:Double[d], t:Double, i:Integer (1<=i<=d)
(      for all j:Integer (max(i-Lw , 1)<=j<=min(i+Up,d))

( y1[j]=y2[j] ) f f(t,y1)[i ]= (t,y2)[i]   )

Specializations of MJacobian

Realizations linked to MJacobian

��� � ¼��x¼ ¡� Mo��	�R�^¥R¤�´M²R������hRrM��o�wOj�k%t jp ¢�yo�}~oWnUm��DnpoAm�� t 
Am�jpt hRrM�vm�rx�
�yw�o���t m�� t 
Am�jpt hRrM�

��ë^à���è:�5âlCx` NU[\VRÞ�bÅHKc b ��VR_gÞ�ZOJDÞ�V�[�L�×¢b XOÚMLvHO_�×¢b L'×¢ZOTWV�V��gÞ�b V�JML'b ×¢[Fc V�×¢V�JML�H^LWb ZOJDN%LWÚDHKJ
HGXOV�JFV�T�HKc�ZOJFV �\VRÞ�HKÙDNUV�LWÚFVÀb ×¢[Fc V�×¢V�JML�H^LWb ZOJ+Þ�HKJ L�H!OVIHO_��^HKJML�HKXOV�ZKØ£LWÚFVÀNU[\VRÞ�bÅHKc
NpLWTWÙDÞALWÙFTWV£ZKØ�b L�N�HKTWXOÙF×¢V�JML�N�C7�2V"Þ�HKJ�Þ�ZOJDNUbÅ_�V�TvL��'Z
L��x[\VRN�ZKØ�NU[\VRÞ�bÅHKc b �RH^LWb ZOJ�ü
, -x[\VRÞ�bÅHKc b �RH^LWb ZOJDN �DHONUVR_�ZOJ
LWÚFV�HKTWT�H �6NpLWTWÙDÞALWÙFTWV"ô �~÷ÆC@OFZOT�b JDNpL�HKJDÞ�VOQ�'V�Þ�HKJ¢NU[\VRÞ�bÅHKc b ��V
H£Þ�ZOJDÞ�V�[�L	��ÚFbÅÞ�Ú¢_�V�JFZKLWVRN7LWÚFVvÙDNUÙDHKc�×ÊH^LWTWb ��� �OVRÞALWZOT7[FTWZ�_�ÙDÞAL�ZO[\V�T�H^LWb ZOJËî�A��	��?F	����E��Fó
LWZg_�VRHKc ��b LWÚ'�DHKJD_�VR_¨×ÊH^LWTWbÅÞ�VRN6î���C@J����	�DA��	��?F	����E��FóAC
, -x[\VRÞ�bÅHKc b �RH^LWb ZOJDN��DHONUVR_ ZOJGLWÚFVgØ¦ÙFJDÞALWb ZOJ NpLWTWÙDÞALWÙFTWVOC7ðyJ*O7b XOÙFTWV�#OQ�NUV �OV�T�HKc�NU[\VRÞ�bÅH �
c b �RH^LWb ZOJDN�ZKØ%LWÚFV A�BDC?EGF@H9I@C@JËÞ�ZOJDÞ�V�[�L �DHONUVR_�ZOJILWÚFV
Ø¦ÙFJDÞALWb ZOJ NpLWTWÙDÞALWÙFTWV�HKTWV�NUÚFZ ��J�C
��C@J����	�DA�BDC?EGF@H9I@C@J"NU[\VRÞ�bÅHKc b ��VRNjA�BDC?EGF@H9I@C@J"LWZ¢_�VRHKc ��b LWÚËH��DHKJD_�VR_¨N���NpLWV�× Ø¦ÙFJDÞALWb ZOJ
��b LWÚ �DHKJD_���b LWÚ�������� �!� #OC�`?N���NpLWV�×9Ø¦ÙFJDÞALWb ZOJ � bÅN �DHKJD_�VR_ ��ÚFV�J H2Þ�ZO×¢[\Z�
JFV�JML¨ZKØLWÚFVIZOÙ�LW[FÙ�L �OVRÞALWZOT ��î����UûFó�ZOJFc � _�V�[\V�JD_FNgZOJùHGÞ�ZOJDNUVRÞ�Ù�LWb �OV'�DHKJD_ ZKØ£LWÚFV
b JF[FÙ�L �OVRÞALWZOT
û5C�øvÚFbÅN !xb JD_ÃZKØ�Ø¦ÙFJDÞALWb ZOJ V�JDH�Fc VRN"LWÚFVË×¢b JFb ×¢b �RH^LWb ZOJ ZKØ�LWÚFVËTWV�×¢ZKLWV
Þ�ZO×¢×
ÙFJFbÅÞ�H^LWb ZOJ ��ÚFV�JËLWÚFVØ¦ÙFJDÞALWb ZOJ�bÅNvV �^HKc ÙDH^LWVR_¨ZOJËNUV �OV�T�HKc5[FTWZ�Þ�VRNWNUZOT�N�CxøvÚFV6BMHOÞ�Z�
�FbÅHKJI×ÊH^LWTWb ��XOV�JFV�T�H^LWVR_'��b LWÚ"��C@J����	� A�BDC?EGF@H9I@C@J¨×
ÙDNpL£HKcÅNUZ �\V �DHKJD_�VR_¯C¯øvÚFV�Þ�ZOJ��
Þ�V�[�L�#$&%?I'�[A�BDC?EGF@H9I@C@J£b JD_�bÅÞ�H^LWVRN�LWÚDH^L%LWÚFVHKTWXOÙF×¢V�JML.�¨bÅN�Þ�ZMNpL��yNUV�[DHKT�H�Fc VOCK`+N���NpLWV�×
Ø¦ÙFJDÞALWb ZOJËbÅN ��ëU�Aâ�<:��è:�Dä^êWäOì�å è.��ÚFV�JËb L�bÅNv[\ZMNWNUb �Fc V�LWZ¢_�V ú JFV6H �Dä^êAâláãâlá¿ë^àDáãà[mL��ç�à���âlá¿ë^à �9^
��ÚFbÅÞ�ÚÀHKc c Z ��N�LWÚFV
V �^HKc ÙDH^LWb ZOJIZKØ �2ÚFZO×¢ZOXOV�JFV�ZOÙDNUc � ����[Fb VRÞ�VRN$��b LWÚFZOÙ�L£b JMLWTWZ�_�ÙDÞ�b JFX
TWVR_�ÙFJD_FHKJML'Þ�ZO×¢[FÙ�L�H^LWb ZOJ�CMøvÚFbÅN�[FTWZO[\V�TUL��
bÅN�b ×¢[\ZOTUL�HKJML%LWZ"V�JDH�Fc V�LWÚFV�VRHON���V���[Fc ZOb L�H �
LWb ZOJ�ZKØ�LWÚFV"_FH^L�H�[DHKT�HKc c V�c bÅNU× b JËLWÚFV)�Fc Z�Þ !g[DHKT�HKc c V�c5V �^HKc ÙDH^LWb ZOJËZKØ
�7C
øvÚFV6_�V�TWb �^H^LWb ZOJ¨[FTWZ�Þ�VRNWN'b JIa�SEIòvSÛÜ.-gNpL�HKTUL�N�Ø¦TWZO×ÝH
×ÊH^LWÚFV�×ÊH^LWbÅÞ�HKc�_�VRNWÞ�TWb [��

LWb ZOJ6ZKØxLWÚFV%JxÙF×¢V�TWbÅÞ�HKcK×¢V�LWÚFZ�_LWZ�NUZOc �OV�SÛÜ�N�HKJD_£[FTWZ�Þ�V�VR_FN5LWÚFTWZOÙFXOÚ6NUV �OV�T�HKc^[FÚDHONUVRN�C
Û�ÙFTWb JFX�LWÚFV ú T�NpL7[FÚDHONUVOQRÞ�HKc c VR_)(+*-,-.$/1032&,-4�56.�2&798:2&;10</1032&,�Q�NUV �OV�T�HKcKXOV�JFV�T�HKcOÞ�ZOJDÞ�V�[�L�N
HKTWVgNUV�c VRÞALWVR_ÃHKJD_GÞ�ZO× �Fb JFVR_ ���2ÙDNUb JFXÀÞ�ZOJDNpLWTWÙDÞALWZOT�N£ZKØ�NUV�"MÙFV�JMLWbÅHKc�HKJD_GÞ�ZOJDÞ�ÙFTWTWV�JML
Þ�ZO×¢[\ZMNUb LWb ZOJ�LWZË_�VRNWÞ�TWb �\V6LWÚFV"Ø¦ÙFJDÞALWb ZOJDHKc b L���ZKØ�LWÚFV
×¢V�LWÚFZ�_IHKJD_�LWÚFV
×ÊH ��b ×
ÙF×ï_�V��
XOTWV�V�ZKØ�L�HON�!Ê[DHKT�HKc c V�c bÅNU×�Cx`�N�H
TWVRNUÙFc LRQFH �OV�T�NUb ZOJgZKØ mMè�à5è�êWä^åG��ç�à���âlá¿ë^à5ä^å����DèN��á = ��ä^âlá¿ë^à
bÅN7Z ��L�HKb JFVR_gî¿NUV�V O7b XOÙFTWV ( �\óACeOFTWZO×=LWÚFbÅN7TWV�[FTWVRNUV�JML�H^LWb ZOJ�QRZOJFV'Þ�HKJ
Z ��L�HKb J
HNUV�"MÙFV�JMLWbÅHKc
[FTWZOXOT�HK×õHKÙ�LWZO×ÊH^LWbÅÞ�HKc c �gî����"ÙDNUb JFX�LWÚFV�NUV�"MÙFV�JMLWbÅHKcxTWVRHKc b �RH^LWb ZOJDN�c b J&!OVR_"LWZLWÚFVvXOV�JFV�T�HKc
Þ�ZOJDÞ�V�[�L�N ��ÚFbÅÞ�Ú�HK[F[\VRHKTvb JËLWÚFV"NU[\VRÞ�b ú Þ�H^LWb ZOJ\óAQ���ÚFbÅÞ�ÚË×ÊH!OVRN'b L�[\ZMNWNUb �Fc VLWZ �^HKc bÅ_FH^LWV
LWÚFV�JxÙF×¢V�TWbÅÞ�HKcF[FTWZO[\V�TULWb VRN�ZKØ5LWÚFV�×¢V�LWÚFZ�_¯CMðÆØ5LWÚFV$�^HKc bÅ_FH^LWb ZOJg_�V�LWVRÞAL�N%JFV�b LWÚFV�T'HKJFZO×ÊH �
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Final message-passing program
Fortran+MPIBLACS+MPI

Translation

Mathematical Description of the Method

CONCEPTS General Functional Specification

Functional Composition

General C
oncepts

Specialized Functional Specification

Specialization Problem
Structure

Specialized Concepts

Parallel Frame Program

Scheduling,  Processor Allocation, Selection of
Realizations and Data Distributions

REALIZATIONS

Redistribution
Realizations

Problem Size &
Machine ParamsInstantiation

Analysis of Functional
Behaviour and Task Parallelism

Mathematical Description of the Method

General
Concepts

Errors

Refinement

Sequential  Implementation

Improvement
Detection

Translation

Validation

Version of  General
Functional Specification

Final Version of General
Functional Specification

No

Testset

Yes

m~Ä ¾�Ä
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c b VRNJFZOTb ×¢[FTWZ �OV�×¢V�JML�[\ZMNWNUb �Fb c b LWb VRN�Q �'V
Z ��L�HKb J2H¨_�V ú JFb LWb �OV �OV�T�NUb ZOJ�ZKØ%LWÚFV�XOV�JFV�T�HKc
NU[\VRÞ�b ú Þ�H^LWb ZOJ ��ÚFbÅÞ�Ú�Þ�HKJ �\V"ÙDNUVR_�b J�LWÚFV
NUZOc Ù�LWb ZOJ�b JI_�b �5V�TWV�JMLÞ�ZOJMLWV��xL�N�ZKØ%_�b �5V�TWV�JML
ðyñò�NvZOJ�_�b �5V�TWV�JML�HKT�Þ�ÚFb LWVRÞALWÙFTWVRN�C
Û�ÙFTWb JFXLWÚFV ; 8���.�034�530���4�/1032&,Ë[FÚDHONUVOQ~LWÚFV�XOV�JFV�T�HKcxNU[\VRÞ�b ú Þ�H^LWb ZOJ�bÅN�×¢Z�_�b ú VR_¢HOÞ�Þ�ZOT��

_�b JFXgLWZgLWÚFV�NpLWTWÙDÞALWÙFT�HKc7Þ�ÚDHKT�HOÞALWV�TWbÅNpLWbÅÞ�N�ZKØ�LWÚFV
[DHKTULWbÅÞ�ÙFcÅHKT�ðyñòùLWZ �\V�NUZOc �OVR_¯C\øvÚFVRNUV
×¢Z�_�b ú Þ�H^LWb ZOJDNvÞ�ZOJDNUbÅNpL'Ø¦ÙFJD_FHK×¢V�JML�HKc c �gZKØ�TWV�[FcÅHOÞ�b JFX�XOV�JFV�T�HKc5Þ�ZOJDÞ�V�[�L�N.���gNU[\VRÞ�bÅHKc b �RH �
LWb ZOJDN�C^øvÚFV'ÙDNUV�T�×
ÙDNpL�[FTWZ �xbÅ_�V'H�NUV�"MÙFV�JMLWbÅHKcxTWZOÙ�LWb JFV%LWZV �^HKc ÙDH^LWV�LWÚFV�N���NpLWV�×=Ø¦ÙFJDÞALWb ZOJ
HKJD_2HËNUV�"MÙFV�JMLWbÅHKc�[FTWZKLWZKL��x[\V¢Þ�HKJ2HKcÅNUZ �\VÊXOV�JFV�T�H^LWVR_�LWZ'�^HKc bÅ_FH^LWV�LWÚFVÊNU[\VRÞ�b ú Þ�H^LWb ZOJ�C
`�N�H�TWVRNUÙFc LRQ^H ���DèN��á¿ä^å á > èNh ���DèN��á = ��ä^âlá¿ë^à6bÅN7Z ��L�HKb JFVR_���ÚFbÅÞ�Ú�HKc c Z ��N�LWÚFVvV���[Fc ZOb L�H^LWb ZOJ
ZKØ
LWÚFV'NU[\VRÞ�bÅHKcxNpLWTWÙDÞALWÙFTWV%ZKØ�LWÚFV�[FTWZ �Fc V�×��\VRÞ�HKÙDNUV%TWVRHKc b �RH^LWb ZOJDN�HO_FHK[�LWVR_£LWZ�LWÚFVvNpLWTWÙDÞALWÙFTWV
ZKØ7LWÚFV"HKTWT�H ��N'HKJD_gØ¦ÙFJDÞALWb ZOJDN�Þ�HKJ �\V"NUV�c VRÞALWVR_Ëb J¨LWÚFV6JFV��xL�[FÚDHONUVOC

O7b JDHKc c �OQMLWÚFV 03,-; /14�, /1034�/1032&,2[FÚDHONUV�ô �K÷5L�H!OVRN'b JMLWZ¢HOÞ�Þ�ZOÙFJML.�\ZKLWÚ¨LWÚFV£[DHKT�HK×¢V�LWV�T�N
ZKØ�LWÚFV�ðyñò1HKJD_ ZKØ�LWÚFVËL�HKTWXOV�LÊ×ÊHOÞ�ÚFb JFVËb J ZOT�_�V�T�LWZDü #~ó�NWÞ�ÚFVR_�ÙFc VËLWÚFVËL�HON�!�N¢HKJD_
HKc c Z�Þ�H^LWV
[FTWZ�Þ�VRNWNUZOT�N�LWZËVRHOÞ�ÚIL�HON�!5Q (Oó�NUV�c VRÞALLWÚFV �\VRNpL£TWVRHKc b �RH^LWb ZOJ�Ø¦ZOT£VRHOÞ�ÚÀÞ�ZOJDÞ�V�[�L
TWV�Ø¦V�TWV�JDÞ�V�ZKØ5LWÚFV�NU[\VRÞ�b ú Þ�H^LWb ZOJÊHKJD_
LWÚFV�×¢ZMNpL�NUÙFb L�H�Fc V�_FH^L�H6_�bÅNpLWTWb �FÙ�LWb ZOJÊ[DHKT�HK×¢V�LWV�T�N
Ø¦ZOT�VRHOÞ�Ú£TWVRHKc b �RH^LWb ZOJ6Þ�ÚFZMNUV�J6HKJD_6öMó5b JDNUV�TUL�LWÚFV�TWV�"MÙFb TWVR_£_FH^L�H�TWVR_�bÅNpLWTWb �FÙ�LWb ZOJ6TWZOÙ�LWb JFVRN�C
øvÚFVËXOZMHKc�bÅN"LWZ2Z ��L�HKb J HIXOZxZ�_GXOc Z �DHKc'TWÙFJMLWb ×¢VËNUZOc Ù�LWb ZOJ�C�øvÚFbÅN�cÅHONpL�[FÚDHONUVËÞ�HKJ �\V
[\V�TUØ¦ZOTW×¢VR_2N���NpLWV�×ÊH^LWbÅÞ�HKc c ��LWZ�Z ��L�HKb J HË_�VRNWÞ�TWb [�LWb ZOJ Þ�HKc c VR_$�Dä^êWä^åãå è�å ��êWä^íÊè��5êWë mKêWä^í
��ÚFbÅÞ�Ú�Þ�HKJ'�\V£LWT�HKJDNUcÅH^LWVR_gb JMLWZgH OFZOTULWT�HKJ¨[FTWZOXOT�HK× HKÙFXO×¢V�JMLWVR_ ��b LWÚ�EIò%ð'TWZOÙ�LWb JFVRN�C

	 
�Ô�Ï�Õ\ÐFÖpÒ�Ï��� &2Ò����6Ò��xÖyÐFÖpÒ�Ï
ø�Z�b c c ÙDNpLWT�H^LWV�LWÚFbÅN'[FÚDHONUVOQ��'V�V�×¢[Fc Z �gHKJËHO_��^HKJDÞ�VR_ÊJxÙF×¢V�TWbÅÞ�HKc5×¢V�LWÚFZ�_ÊLWZ¢NUZOc �OVNpLWb �
SÛÜ�N£ô  ^÷ÆQ���ÚFbÅÞ�ÚËbÅNvH
[DHKT�HKc c V�c b �RH^LWb ZOJ¨HOÞ�TWZMNWN�LWÚFV6ý�HO_FHKÙ¨ðUðp`=×¢V�LWÚFZ�_ ��b LWÚ �¢NpL�HKXOVRN
ô ö^÷ÆC%øvÚFV�HKJDHKc ��NUbÅN�ZKØ�LWÚFbÅN¢JxÙF×¢V�TWbÅÞ�HKc�NWÞ�ÚFV�×¢VGô �K÷ÆQ�×ÊH!OVRN�b Lg[\ZMNWNUb �Fc V¨LWZG_�V�TWb �OV�HKJ
b ×¢[FTWZ �OV�×¢V�JML6ZKØvLWÚFbÅN"NWÞ�ÚFV�×¢VIî¿Þ�HKc c VR_ÃS���ò%ðpY -�ý��"ó ��ÚFbÅÞ�Ú [FTWVRNUV�JML�N"H�c Z �'V�T"Þ�ZO× �
[FÙ�L�H^LWb ZOJDHKc%Þ�ZMNpL6HKJD_ÀV���ÚFb �Fb L�N£XOTWVRH^LWV�T�L�HON�!I[DHKT�HKc c V�c bÅNU×�C��2V¢ÚDH �OV¢NUV�c VRÞALWVR_2NUV �OV�T�HKc
XOV�JFV�T�HKcFÞ�ZOJDÞ�V�[�L�N7LWZ"NU[\VRÞ�b Ø��"LWÚFbÅN�×¢V�LWÚFZ�_¯CDOFZOT�b JDNpL�HKJDÞ�VOQ���� ���?EGF����î�� � ������� � ó�_�V�JFZKLWVRN
LWÚFV�Y! 0ODHOÞALWZOTWb �RH^LWb ZOJ
ZKØ"�"Q	#[F�%�#���#�$&%������7î�� � ������� � � �('2ó5_�V�JFZKLWVRN�LWÚFV�Þ�ZO×¢[FÙ�L�H^LWb ZOJ�ZKØ
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MJacobian(..., f,Jn)

While( not convergence)

Feval (d,t+ci*h,Yi, f, Ri)

While (t<tf)

R

DX
X, Yn, convergence

yo, Yo, Yn, t

OUT: yf

IN: yo, f

Jn

LUi,   i=1..4

MsumId(d,-di*h,Jn,LUi)
LUdecomp(d,d,LUi)

PAR   i = 1 , 4

. . .

. . . . . . . . . . . .

. . . . . . . . . . . .

SolveSystem (..., LUi,...,DX )
Vcopy (d,Ri,DXi)

MVproduct(..., h,Jn,DX ,..,JD )
i

i i

...................................

PAR   i = 1 , 4

PAR   i = 1 , 4

. . . . . . . .

Layer 7

Layer 2

SplitMJacobian (..., , Jn)fb

InitVectors(..., Yo,W,Yn,X)

R

DX

PAR   i = 1 , 4

OUT: yf

IN: fbyo, f,

Jn

(d,t+ci*h,Yi, , Ri)SplitFeval fb

PAR   i = 1 , 4

W, Yn, X

Layer 1

Layer 3

Layer 4

Layer 6

Layer 5

PDCOPY (..., )
PDGETRS (..., , ..., )
PDGEMV (.., h, , , )

VG64(i) R4, DX4
MG4(i) LUi      VG64(i) DX4

MG4(i) Jn  VG64(i) DX4  JD

PAR   i = 1 , 4 ON G4(i)

PAR   i = 1 , 4 ON G4(i)

ON G1 Block_MJacobian (..., )MG1 Jn

BCyclic_MsumId (..., )
PDGETRF (..., , ...)

MG4(i) Jn, LUi
MG4(i) LUi

PAR   i = 1 , 4 ON G4(i)

FOR i=1,4
MG1 Jn         MG4(i) Jn

ON G1 BCyclic_InitVectors (..., )VG1 Yo,W,Yn,X

IN: REP(G1) fbyo f,,

OUT: fyREP(G1)

BCyclic_SplitFeval (..., , , )VG4(i) Yn4  fb   VG4(i) R4

PAR   i = 1 , 4 ON G4(i)

FOR  i=1,4
VG1 R VG4(i) R4
VG1 Yn, VG4(i) Yn4

i

i

.........................

.........................

.........................

a) b) c)

While (t<tf)

.........................

While (t<tf)

While( not convergence)
While( not convergence)

LUi,   i=1..4

MsumId(d,-di*h,Jn,LUi)
LUdecomp(d,d,LUi)

PAR   i = 1 , 4

InitVectors(..., Yo,W,Yn,X)

W, Yn, X

SolveSystem (..., LUi,...,DX )
Vcopy (d,Ri,DXi)

MVproduct(..., h,Jn,DX ,..,JD )
i

i i
...................................

. . . . . . . .

. . . . . . . . . . . .. . . . . . . . . . . .
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'���� �	��P '�î¿HONWNUÙF×¢b JFX ��� ���?EGF����î�� � ������� � óUó�HKJD_¢LWÚFV�����#?C�%Dî�� � ����� � �Uû ���OûFó�Þ�ZOJDÞ�V�[�L
_�V�JFZKLWVRN�LWÚFV£V �^HKc ÙDH^LWb ZOJgZKØ�LWÚFVØ¦ÙFJDÞALWb ZOJ �7C�øvÚFVRNUVZO[\V�T�H^LWb ZOJDN�HKTWV�LWÚFV×ÊHKb JËNUZOÙFT�Þ�VRN
ZKØ�_FH^L�H6[DHKT�HKc c V�c bÅNU× V���ÚFb �Fb LWVR_ ���
LWÚFV�×¢V�LWÚFZ�_¯Cxø�Z�Þ�ZO× �Fb JFV�LWÚFVRNUVÞ�ZOJDÞ�V�[�L�N�Q �'V�Þ�HKJ
ÙDNUV�HXOT�HK[FÚFbÅÞ�HKc�JFZKL�H^LWb ZOJ ��ÚFbÅÞ�Ú¢V���[FTWVRNWNUVRN7LWÚFV�Þ�ZOJDÞ�ÙFTWTWV�JML%HKJD_¢NUV�"MÙFV�JMLWbÅHKcFÞ�ZO×¢[\ZMNUb �
LWb ZOJgHON%HL�HON�!�_�b TWVRÞALWVR_�XOT�HK[FÚ�CO`+NUÙF×¢×ÊHKTWb ��VR_¢_�VRNWÞ�TWb [�LWb ZOJ¢ZKØ5LWÚFV�_�V ú JFb LWb �OV�XOV�JFV�T�HKc
NU[\VRÞ�b ú Þ�H^LWb ZOJÃZKØ�LWÚFVËNWÞ�ÚFV�×¢V¨bÅN�[FTWVRNUV�JMLWVR_ b J O7b XOÙFTWVËöOHFQ ��ÚFV�TWVgLWÚFV¨VR_�XOVRN�_�V�JFZKLWV
_FH^L�HÀ_�V�[\V�JD_�V�JDÞ�b VRN �\V�L��'V�V�J ZO[\V�T�H^LWb ZOJDN
HKJD_Ãb J ��ÚFbÅÞ�ÚGLWÚFVË×ÊHKb J NUZOÙFT�Þ�VRN"ZKØ�L�HON�!
[DHKT�HKc c V�c bÅNU×Éb J¢LWÚFV�×¢V�LWÚFZ�_ÊHKTWVvTWV�[FTWVRNUV�JMLWVR_ ��b LWÚÊÞ�ZOJDÞ�ÙFTWTWV�JML�c ZxZO[DN�î;i ����_	� # ���xóAC

� 1 � 5�Õ¯Ö���UÖ��"�7ÐFÖpÒ�Ï
ø�Z¢b c c ÙDNpLWT�H^LWVLWÚFbÅN�[FÚDHONUVOQ&�'V6HO_FHK[�LvLWÚFV�S���ò%ðpY -�ý��É×¢V�LWÚFZ�_¨LWZ�L��'ZÊNpLWb �Àðyñò�N�ü
, `�J�ðyñò�QKJFZKLWVR_�HON7ñSý�ø�Ü��
Q ��ÚFbÅÞ�Ú�×¢Z�_�V�cÅN7LWÚFV�V �OZOc Ù�LWb ZOJ
ZKØDL��'Z£NUb JFXOÙFcÅHKT �OZOTULWV��
[DH^L�Þ�ÚFVRN�XOZ �OV�TWJFVR_'����HÊL��'Z�y_�b ×¢V�JDNUb ZOJDHKc7b JDÞ�ZO×¢[FTWVRNWNUb �Fc V	�DÙFbÅ_��DZ � ô #�÷ÆC5`�NWNUÙF×¢b JFX
VRHOÞ�Ú �OZOTULWV��À[DH^L�Þ�Ú �\ZOÙFJD_FHKT��2ÚDHON��\V�V�JG[DHKT�HK×¢V�LWV�TWb ��VR_ ���2ÙDNUb JFX! �"(Ë[\ZOb JML�N�Q+�'V
Z ��L�HKb J¨H
N���NpLWV�× ��b LWÚ'(��õSÛÜ�N
��ÚFV�TWV�LWÚFVV �^HKc ÙDH^LWb ZOJgZKØ¯LWÚFVV�"MÙDH^LWb ZOJDN%ZKØ7H"[\ZOb JML
_�V�[\V�JD_FN6ZOJGHKc c�LWÚFVÊZKLWÚFV�T6[\ZOb JML�Ngî¦b L"b J��OZOc �OVRN£H�_�V�JDNUVÊBMHOÞ�Z �FbÅHKJ\óHKJD_ILWÚFVgN���NpLWV�×
Ø¦ÙFJDÞALWb ZOJÀbÅN£Þ�ZMNpL��yNUV�[DHKT�H�Fc VOC\øvÚFV�NU[\VRÞ�bÅHKc b �RH^LWb ZOJIZKØ%LWÚFV
Ø¦ÙFJDÞALWb ZOJDHKc�NU[\VRÞ�b ú Þ�H^LWb ZOJIØ¦ZOT
LWÚFbÅN'[FTWZ �Fc V�× Þ�ZOJDNUbÅNpL�N%ZKØ�b JDÞ�ZOTW[\ZOT�H^LWb JFX£LWÚFV£Þ�ZMNpL��yNUV�[DHKT�H�Fc V�[FTWZO[\V�TUL���ZKØ¯LWÚFV£N���NpLWV�×
Ø¦ÙFJDÞALWb ZOJ �7C5øvÚFbÅNb JDÞ�c ÙD_�VRN #~ó�_�V ú JFb JFX�H¨[DHKTULWb LWb ZOJFb JFXgØ¦ÙFJDÞALWb ZOJ ($#ùHONHËNUV�"MÙFV�JMLWbÅHKc
TWZOÙ�LWb JFVOQFHKJD_ (Oó'NUÙ&�DNpLWb LWÙ�LWb JFX¢LWÚFV£XOV�JFV�T�HKc%����#?C�%
HKJD_ A�BDC?EGF@H9I@C@J¢Þ�ZOJDÞ�V�[�L�N.���¨NU[\V��
Þ�bÅHKc b ��VR_¨Þ�ZOJDÞ�V�[�L�N.��ÚFbÅÞ�ÚË×ÊHKJDHKXOVÞ�ZMNpL��yNUV�[DHKT�H�Fc V�Ø¦ÙFJDÞALWb ZOJDN�HONvNUÚFZ ��Jgb J�O7b XOÙFTWV£ö��C
øvÚFbÅNV�JDH�Fc VRN�LWÚFV�V���[Fc ZOb L�H^LWb ZOJIZKØ%LWÚFV¢_FH^L�Hg[DHKT�HKc c V�c bÅNU×?V���bÅNpLWb JFXËb JILWÚFV�V �^HKc ÙDH^LWb ZOJ
ZKØ � ���¢NUV�c VRÞALWb JFX
NU[\VRÞ�bÅHKc b ��VR_Ê[DHKT�HKc c V�cFb ×¢[Fc V�×¢V�JML�H^LWb ZOJDN�b J¢LWÚFV�b JDNpL�HKJMLWbÅH^LWb ZOJÊ[FÚDHONUVOC
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, `�JISÛÜ N���NpLWV�×�QxJFZKLWVR_ËHON��vý�Ü�Y�` �
Q���ÚFbÅÞ�ÚË_�VRNWÞ�TWb �\VRN�H #RÛ T�HKTWV ú VR_gXMHONvNUÚFZ�Þ !
ô #^÷ÆC�øvÚFV�TWVRNUÙFc LWb JFXGN���NpLWV�× ÚDHON ��� SÛÜ�N ��ÚFV�J LWÚFV #RÛ NU[DHOÞ�V�bÅNg_�bÅNWÞ�TWV�LWb ��VR_ ���
ÙDNUb JFX �ùXOTWbÅ_
[\ZOb JML�N�COøvÚFV�N���NpLWV�×ÉØ¦ÙFJDÞALWb ZOJ¢bÅN�HKcÅNUZ6Þ�ZMNpL��yNUV�[DHKT�H�Fc V'HKJD_¢ÚDHON�H£JDHKTWTWZ �
�DHKJD_�VR_2NpLWTWÙDÞALWÙFTWV ��b LWÚ2c Z �'V�T �DHKJD_���b LWÚ9��� �X �HKJD_IÙF[F[\V�T)�DHKJD_���bÅ_xLWÚ � � � �xC
ø�Z Z ��L�HKb J LWÚFVINU[\VRÞ�bÅHKc b ��VR_ NU[\VRÞ�b ú Þ�H^LWb ZOJ Ø¦ZOT¢LWÚFbÅNÊðyñò�Q�NUV �OV�T�HKc'XOV�JFV�T�HKc�Þ�ZOJDÞ�V�[�L�N�Q
��ÚFbÅÞ�ÚË_�VRHKc ��b LWÚ¨×ÊH^LWTWbÅÞ�VRN�×ÊHKb JML�HKb JFb JFX
LWÚFV �DHKJD_�VR_¨NpLWTWÙDÞALWÙFTWV�ZKØ�LWÚFV6BMHOÞ�Z �FbÅHKJIîãØ¦ZOT
b JDNpL�HKJDÞ�VOQ ��� ���?EGF���Dó¯×
ÙDNpL"�\V�TWV�[FcÅHOÞ�VR_ ����NU[\VRÞ�bÅHKc b �RH^LWb ZOJDN	��ÚFbÅÞ�ÚgHONWNUÙF×¢V�H �DHKJD_�VR_
NpLWTWÙDÞALWÙFTWVÊØ¦ZOT
LWÚFVRNUV¨×ÊH^LWTWbÅÞ�VRN�C7øvÚFVËÞ�ZOJDÞ�V�[�L�N A�BDC?EGF@H9I@C@JÀHKJD_ ����#?C�%�×
ÙDNpL �\V¨TWV��
[FcÅHOÞ�VR_����"NU[\VRÞ�bÅHKc b �RH^LWb ZOJDN ��ÚFbÅÞ�Ú�HONWNUÙF×¢VvHÞ�ZMNpL��yNUV�[DHKT�H�Fc V
�DHKJD_�VR_
N���NpLWV�× Ø¦ÙFJDÞALWb ZOJ�C

� �ùÏ ��� ��ÑFÒ���Ö(���7ÐFÖpÒ�Ï � 5¯Ð���Ò�Ó Ð�Ò�� 5�Ñ�	�Ò%Ñ � Ð�� 5 ÖUÏ �OÐ ��Ï�ÐFÖ��7ÐFÖpÒ�Ï
�2V�[FTWZO[\ZMNUV�HKJgHK[F[FTWZ ��b ×ÊH^LWb ZOJ�×¢V�LWÚFZ�_¢LWZ"[\V�TUØ¦ZOTW×ÉLWÚFV�cÅHONpL%[FÚDHONUVOQ ��ÚFbÅÞ�ÚgHONWNUÙF×¢VRN
LWÚDH^L%LWÚFVRNUV�HKc XOZOTWb LWÚF×ÊN�V���ÚFb �Fb L'HL�HON�!
[DHKT�HKc c V�c bÅNU× ��b LWÚgH6cÅH �OV�TWVR_�NpLWTWÙDÞALWÙFTWV"ô �^÷ÆCOøvÚFV
×¢V�LWÚFZ�_"NUV�c VRÞAL�N5LWÚFV%×¢ZMNpL7NUÙFb L�H�Fc V%TWVRHKc b �RH^LWb ZOJDN¯HKJD_6_FH^L�H�_�bÅNpLWTWb �FÙ�LWb ZOJDN¯b J
HKJ£ZOT�_�V�TWVR_
�vH �OQ����gXOb �xb JFX¢[FTWb ZOTWb L��¢LWZ�LWÚFV6×¢ZMNpL�Þ�ZMNpLWc �gcÅH �OV�T�N�b JËLWÚFV6cÅH �OV�TWVR_¨NU[\VRÞ�b ú Þ�H^LWb ZOJ�C

OFZOc c Z ��b JFX LWÚFbÅNË×¢V�LWÚFZ�_¯Q.�'VÀÚDH �OVIZ ��L�HKb JFVR_ù[DHKT�HKc c V�c�b ×¢[Fc V�×¢V�JML�H^LWb ZOJDN¨ZKØ6LWÚFV
S���ò%ðpY -�ý�� NWÞ�ÚFV�×¢V�HO_FHK[�LWVR_
LWZLWÚFV�ñSý�ø�Ü��+HKJD_
�vý�Ü�Y�` �ùðyñò�N7Ø¦ZOT�LWÚFV i � �
HKJD_ i ����JFZ�_�VRN�ZKØ¯HòvaGÞ�c ÙDNpLWV�T	��b LWÚÊHN���b L�Þ�ÚFVR_"Ø¿HONpL�Ü�LWÚFV�TWJFV�L�JFV�L��'ZOT�!5C~ø�Z£b c c ÙDN��
LWT�H^LWV¢LWÚFVg×¢V�LWÚFZ�_¯Q�LWÚFVgb JDNpL�HKJMLWbÅH^LWb ZOJ ZKØvLWÚFV�S���ò%ðpY -�ý�� �ÆñSý�ø�Ü��1NU[\VRÞ�b ú Þ�H^LWb ZOJ
Ø¦ZOT i �X� ��b c c �\VÊÞ�ZOJDNUbÅ_�V�TWVR_¯C�O7b XOÙFTWV¢öOÞ
[FTWVRNUV�JML�NH¨XOT�HK[FÚFbÅÞ�HKc�_�VRNWÞ�TWb [�LWb ZOJIZKØ�LWÚFV
[DHKT�HKc c V�c�Ø¦T�HK×¢V�[FTWZOXOT�HK×?Z ��L�HKb JFVR_¯C¯øvÚFV�JFZ�_�VRN6Þ�HKJITWV�[FTWVRNUV�JML£H¨TWVRHKc b �RH^LWb ZOJÀÞ�HKc c�ZOT
[DHKT�HKc c V�c�c ZxZO[DN%HK[F[Fc b VR_�ZOJÊH6NUV�"MÙFV�JDÞ�V�ZKØ¯Þ�HKc cÅN�COÜ
�OV�T��
Þ�HKc cFbÅN%HONWNUb XOJFVR_"LWZ"H£[FTWZ�Þ�VRNWNUZOT
XOTWZOÙF[ËHKJD_�NUZO×¢V£VR_�XOVRN�HKTWVcÅH�\V�c c VR_ ��b LWÚ�TWVR_�bÅNpLWTWb �FÙ�LWb ZOJËZO[\V�T�H^LWb ZOJDN6ô �K÷ÆC
øvÚFV%×¢V�LWÚFZ�_6ÙDNUVRN¯LWÚFV%L�HON�!�cÅH �OV�T�_�V ú JFb LWb ZOJ���ÚFbÅÞ�Ú6bÅN�b JMLWTWZ�_�ÙDÞ�VR_6b Jgô �^÷OLWZ�bÅ_�V�JMLWb Ø��

cÅH �OV�T�N£b JGLWÚFV¨XOT�HK[FÚ�C�øvÚFV¨cÅH �OV�T�N6HKTWVgZOT�_�V�TWVR_ÀL�H!xb JFX�b JMLWZ2HOÞ�Þ�ZOÙFJML6LWÚFV¨VRNpLWb ×ÊH^LWVR_
V���VRÞ�Ù�LWb ZOJÀLWb ×¢VÊZKØ�LWÚFVgNUV�"MÙFV�JMLWbÅHKc�TWVRHKc b �RH^LWb ZOJDN�c b J&!OVR_ÀLWZËLWÚFVÊJFZ�_�VRN£ZKØ'VRHOÞ�Ú2cÅH �OV�TRQ
HKJD_ILWÚFV�J2LWÚFV¢cÅH �OV�T�NHKTWV�b JDNpL�HKJMLWbÅH^LWVR_Àb J HKJ2ZOT�_�V�TWVR_��vH �INpL�HKTULWb JFX ��b LWÚ2LWÚFV¢×¢ZMNpL
Þ�ZMNpLWc �gZOJFVRN�C?O7b XOÙFTWV6ö��NUÚFZ ��NvÚFZ �+LWÚFV6cÅH �OV�T�N�ÚDH �OV �\V�V�J�ZOT�_�V�TWVR_gb J�ZOÙFT�V��FHK×¢[Fc VOC
øvÚFVÊb JDNpL�HKJMLWbÅH^LWb ZOJ ZKØ�H�cÅH �OV�T"_�V�[\V�JD_FN"ZOJ b L�N"b JMLWV�TWJDHKc�NpLWTWÙDÞALWÙFTWVgHKJD_2bÅN��DHONUVR_

ZOJ LWÚFVËÞ�ZOJDNpLWT�HKb JFVR_ b JDNpL�HKJMLWbÅH^LWb ZOJGZKØ�HIÞ�ZOJDÞ�V�[�L
TWV�Ø¦V�TWV�JDÞ�VOC b �OV�J H�cÅH �OV�TWVR_ÀØ¦ÙFJDÞ��
LWb ZOJDHKc�XOT�HK[FÚ�Q ��ÚFV�TWV¢NUV �OV�T�HKc�JFZ�_�VRN×ÊH ��ÚDH �OV �\V�V�J2b JDNpL�HKJMLWbÅH^LWVR_¯Q¯HKJD_ÀH¨TWV�Ø¦V�TWV�JDÞ�V
LWZËHËÞ�ZOJDÞ�V�[�L�� ��ÚFbÅÞ�Ú%�\V�c ZOJFXMN�LWZ�HgcÅH �OV�TRQFLWÚFV$��ë^à?�AâlêWä^áãà5èNhËáãà?�Aâyä^àDâlá¿ä^âlá¿ë^àËZKØ�1ZOJ
i��![FTWZ�Þ�VRNWNUZOT�N�Q7Þ�ZOJDNUbÅNpL�N¢ZKØ£NUV�c VRÞALWb JFX î�� � i�� ���¨óAQ	��ÚFV�TWV �!TWV�[FTWVRNUV�JML�N�H2TWVRHKc b �RH �
LWb ZOJGc b J&!OVR_2LWZ���Q i���� i��Ý_�V�JFZKLWVRN
H�JxÙF× �\V�T
ZKØ�[FTWZ�Þ�VRNWNUZOT�N£HKJD_�� bÅN
H�NUV�L
ZKØ
[DHKT�HK×¢V�LWV�T�N�_�VRNWÞ�TWb �Fb JFX¢LWÚFV�_�bÅNpLWTWb �FÙ�LWb ZOJ�ZKØ�LWÚFV�HKTWT�H �¨HKTWXOÙF×¢V�JML�N�ZKØ�� ZOJ i�� [FTWZ�
Þ�VRNWNUZOT�N�CDøvÚFbÅN£NUV�c VRÞALWb ZOJIbÅN�[\V�TUØ¦ZOTW×¢VR_�NUÙDÞ�Ú�LWÚDH^LLWÚFV�VRNpLWb ×ÊH^LWVR_�V���VRÞ�Ù�LWb ZOJ�LWb ×¢V
Ø¦ZOT
LWÚFV¢ZO[\V�T�H^LWb ZOJ�� bÅN×¢b JFb ×¢b ��VR_IL�H!xb JFXËb JMLWZ�HOÞ�Þ�ZOÙFJML�LWÚFVÊÞ�ZMNpL6HONWNUZ�Þ�bÅH^LWVR_ ��b LWÚÀLWÚFV
TWVR_�bÅNpLWTWb �FÙ�LWb ZOJËZO[\V�T�H^LWb ZOJDNvJFV�VR_�VR_¨LWZÊHO_FHK[�L�LWÚFV"_FH^L�H¢_�bÅNpLWTWb �FÙ�LWb ZOJDN�ZKØ � î¦XOb �OV�J ���
�¨ó���b LWÚÃLWÚFV�_�bÅNpLWTWb �FÙ�LWb ZOJDN
Ø¦ZOc c Z �'VR_ b J [FTWV �xb ZOÙDNUc �2b JDNpL�HKJMLWbÅH^LWVR_ÃJFZ�_�VRN�C�øvÚFV�Þ�ZOJ��
NpLWT�HKb JFVR_�b JDNpL�HKJMLWbÅH^LWb ZOJIHKcÅNUZgb J��OZOc �OVRN�b JDNUV�TULWb JFX¨TWVR_�bÅNpLWTWb �FÙ�LWb ZOJIZO[\V�T�H^LWb ZOJDNvLWZËHO_FHK[�L
LWÚFV"_FH^L�H¢_�bÅNpLWTWb �FÙ�LWb ZOJDN�C

�ùÚFV�JgH£cÅH �OV�T�V�JDÞ�HK[DNUÙFcÅH^LWVRN%H6Þ�ÚDHKb J¢ZKØ¯Þ�ZOJDÞ�V�[�L%TWV�Ø¦V�TWV�JDÞ�VRN�QKb L�bÅN%H 5303, ��4�� 534��&���xC
ø�Z b JDNpL�HKJMLWbÅH^LWV�H2c b JFVRHKT¢cÅH �OV�TRQ�b L�N¢JFZ�_�VRNÊHKTWV�NUZOTULWVR_ HOÞ�Þ�ZOT�_�b JFXILWZ2LWÚFV�VRNpLWb ×ÊH^LWVR_
NUV�"MÙFV�JMLWbÅHKc�LWb ×¢VgHKJD_ILWÚFVgÞ�ZOJDNpLWT�HKb JFVR_Ib JDNpL�HKJMLWbÅH^LWb ZOJ2ZKØ'VRHOÞ�Ú2TWV�Ø¦V�TWV�JDÞ�V¢Þ�ZOJDÞ�V�[�L6ZOJ
LWÚFV�LWZKL�HKcDJxÙF× �\V�T%ZKØ¯[FTWZ�Þ�VRNWNUZOT�N7bÅN�Þ�HKTWTWb VR_
ZOÙ�L'NpL�HKTULWb JFX)��b LWÚ¢LWÚFV�×¢ZMNpL'Þ�ZMNpLWc �
JFZ�_�VRN
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b JÊLWÚFV£Þ�ÚDHKb J�CMðyJgZOÙFT'V��FHK×¢[Fc VOQKLWÚFVb JDNpL�HKJMLWbÅH^LWb ZOJ¨NpL�HKTUL�N
��b LWÚgLWÚFV�c b JFVRHKT'cÅH �OV�T #�î¿NUV�V
O7b XOÙFTWVö�\ó�îãLWÚFV×¢ZMNpL�Þ�ZMNpLWc �¢ZOJFV~ó
��ÚFbÅÞ�ÚgZOJFc �ÊÞ�ZOJML�HKb JDN�ZOJFVZO[\V�T�H^LWb ZOJ�C�-xb JDÞ�V�LWÚFV�TWV
bÅN�JFZ ú ��VR_�_FH^L�HÊ_�bÅNpLWTWb �FÙ�LWb ZOJ ��ÚFbÅÞ�Ú�He�5VRÞAL�NvLWÚFbÅN�cÅH �OV�TRQxLWÚFV"ZO[�LWb ×ÊHKc�TWVRHKc b �RH^LWb ZOJ¨Ø¦ZOT
LWÚFV'XOTWZOÙF[���b LWÚ
LWÚFV ��[FTWZ�Þ�VRNWNUZOT�N�î�� #~ó�bÅN�Þ�ÚFZMNUV�J�C~øvÚFbÅN7TWVRHKc b �RH^LWb ZOJ"XOV�JFV�T�H^LWVRN�H$�Fc Z�Þ !
Þ�ZOc ÙF×¢J�_�bÅNpLWTWb �FÙ�LWb ZOJËZKØ7LWÚFV W9aÀ×ÊH^LWTWb �2î¿_�bÅNpLWTWb �FÙ�LWb ZOJËL��x[\V A����~óAC

�ùÚFV�JÀHÊcÅH �OV�T�b JDÞ�c ÙD_�VRNNUV �OV�T�HKc�Þ�ZOJDÞ�ÙFTWTWV�JML�Þ�ÚDHKb JDN�QDb L£bÅN�H .�2&,-.�*�� � ��, / 534��&���xC
ø�Z£b JDNpL�HKJMLWbÅH^LWVvHÞ�ZOJDÞ�ÙFTWTWV�JML�cÅH �OV�TRQ~HKc cxLWÚFVv[\ZMNWNUb �Fb c b LWb VRN�ZKØ\NWÞ�ÚFVR_�ÙFc b JFXLWÚFV�Þ�ÚDHKb JDN�HKTWV
V �^HKc ÙDH^LWVR_¯C7ø�ZIV �^HKc ÙDH^LWV¨HINWÞ�ÚFVR_�ÙFc b JFXÀÞ�ÚFZObÅÞ�V ��ÚFV�TWVÊLWÚFV�TWV¨HKTWV¨Þ�ZOJDÞ�ÙFTWTWV�JML
Þ�ÚDHKb JDN�Q
LWÚFV�LWZKL�HKc�JxÙF× �\V�T%ZKØ¯[FTWZ�Þ�VRNWNUZOT�N�bÅN%_�b �xbÅ_�VR_ÊHK×¢ZOJFXLWÚFV�TWVRNUÙFc L�HKJML�Þ�ZOJDÞ�ÙFTWTWV�JML%Þ�ÚDHKb JDN�Q
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 ONPILSRK: Speedup with VORTEX

P=8, v.s. RADAU5
P=8, v.s. SNPILSRK
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 ONPILSRK: Speedup with BRELAX

P=8, v.s. RADAU5
P=8, v.s. SNPILSRK

P=4, v.s. RADAU5
P=4, v.s. SNPILSRK
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