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Abstract
Radiositycomputationon scenesincludingobjectswith a complex geometry, or with a large numberof facesand
mesheswith very different sizes,is very complex. We presenta new method(basedon the photonmapsmethod
6) where densityestimationon the tangent planeat each surfacepoint is performedfor irr adiancecomputation
by usingphotonpathsinsteadof photonimpacts.Otherdensityestimationtechniquesrequire locally simpleand
flat surfacesin order to beable to computeapproximationsto irr adiance. This requirementis not presentin this
method,becauseit doesnotusephotonimpacts.Thusweclaim thealgorithmis more independentof geometry.
Thealgorithmrequiresfast ray-discintersectiontests,soweproposetechniquesfor speedingup this part of the
process.We compare this approach with the photonmaptechnique, both qualitatively(in termsof its ability to
handlecomplex geometry),andquantitatively(in termsof timeandstoragecomplexity).Weobtainedresultswhich
showthatbetterimagesare obtainedwith someextra costbothin timeandmemory.

1. Introduction and Previous Work

In thisarticlewetry to find asolutionfor radiositycomputa-
tion in thecaseof complex scenes.In this work complexity
is seenasthepresenceof a largenumberof objectswith non
planarboundariesandverydifferentsizes.

In orderto computeradiosityvalues,hierarchicalradios-
ity 5 with adaptive meshingcould be used,but the number
of small facesmakes it difficult to control the meshres-
olution inside a mesh,also, the minimum numberof top-
level patchescannotbesmallerthanthenumberof different
meshes,which might belarge.If hierarchicalradiositywith
clusteringis used13, then,small faceswould still make it
very difficult to createa setof patcheswith adaptive resolu-
tion insidelargemeshes.

Thephotontrackingalgorithmis a well known technique
which simulatesthe electromagneticradiationenergy flow
in a sceneusing the particlemodel of light. By using this
methodwe cancounthits oneachface1. Themainproblem
of this techniqueis thatvarianceis inverselyproportionalto
facesize10. Thus,small facesor smallmesheseithercause
high varianceor requirea hugenumberof photons.Thehits

densitymight be enoughfor larger faces,but not for the
smallerones.Therefore,few faceswill appearquite bright
but mostof themwill appearalmostblack.

In orderto overcometheselimitation, otherauthorspro-
posednew techniquessuchasphotonmapsor densityesti-
mation11� 6. However, thereis againadrawbackof this tech-
nique.Small objectscausehigh varianceor requirea huge
numberof photons.A certainhits densitymight beenough
for larger objectsbut not for smallerones16.A technique
suitablefor complex scenesis presentedin 4 but only a low
resolutionapproximationto radiosityis achieved,becauseof
thestoragerequirementsimposedby the3D grid used.

In this context we proposea new method.This method
usesthephotontrackingalgorithm,however, in ourcasewe
do not usethe photonimpactson surfaces.Insteadusethe
straightsegmentsjoining two consecutive impactsof a pho-
ton.

By using this methodradiosity canbe computedat any
surfacepointx usingadisccenteredatx. Thisdiscis tangent
to thesurfaceat x, that is, perpendicularto thenormalnx at
x (seefigure1).

c
�

TheEurographicsAssociation2002.



Lastra andUreñaandRevellesandMontes/ A Particle-Path basedMethodfor MonteCarlo DensityEstimation

Figure 1: Disc tangentto surfaceat x

After a photonis createdor reflected,it follows a straight
path until it hits anothersurface or leaves the scene.We
call ray eachof thesesegmentsvisited by a particle. A
ray is defined by a origin o and a direction vector v.
During the first phase,a vector of m rays are generated���

o1 � v1 ��� � o2 � v2 ���
	
	
	 � om � vm �
�
Let P � �

1 	
	
	 m� bethesetof indexesof all theraysgen-
eratedduring the photontrackingprocess.Ir

�
x��
 P is de-

finedasthesetof theindexesof all theraysthatintersectthe
disccenteredat x with radiusr . After thesedefinitions,the
expressionof theestimatedirradianceis:

E
�
x��� ∑i � Ir � x� φi

πr2 (1)

whereφi is theenergy carriedby thei-th ray.

Theaccuracy of themethodwe presentdoesnot depend
on thesizeof theobjectwhich containsx. It is alsonot nec-
essaryto assumethat the surfaceis locally flat becausethe
geometryof thediscis independenton this property. This is
not the caseof the photonmapsbecauseof the useof the
photonimpactson thesurfaceof theobjects.

2. Speed up of ray-disc intersection computation

As hasbeenstatedabove, the bottleneckin the systemis
clearly in the computationof the setof rays intersectinga
discor disc.

The raw method for computing those intersectionsre-
quiresexplicitly checkingeachray for intersectionwith the
disc.Evenby usinga highly optimizedray-discintersection
test,this approachis not efficient at all, becausethenumber
of raysis usuallyvery high.We have performedtestswhich
yield timesin theorderof onesecondperdisc, for a setof
onemillion rays.

A moreefficient methodis obviously necessaryto obtain
a feasibleimplementationof the algorithm.In this section
we describea methodthat reducesthe numberof ray-disc
intersectioncomputed.It is basedontheobservationthatfor

almostall of thecases,only averysmallfractionof therays
hit any given disc. This techniqueperform an a priori se-
lectionof candidateraysfor intersection.After that,eachof
thesecandidateraysis explicitly testedby usinga fastray-
discintersectiontest.

In orderto acceleratetheray-discintersectiontest,a ray-
triangle intersectiontest is done first. If the ray doesnot
intersecta triangle containingthe disc, then it cannotin-
tersectthe disc and thereforethe ray-discintersectiontest
is not necessary. Ray-triangleintersectiontest is computed
muchfasterthantheray-discone.Severalray-triangleinter-
sectionalgorithmshave beentested:onebasedon Plücker
coordinates14� 3� 12 andthe algorithmsdevelopedby Möller
8, Segura 9 and Badouel2. Plücker coordinatesproved to
be the bestmethodfor our application.We testedthe pre-
intersectiontestwith Plücker coordinatesandobserved that
thetimereductionrangedfrom 40%to 70%.

2.1. The ray cache

We have designeda techniquethat we call ray-cache. This
techniqueis inspiredin themultilevel cachememoryfound
in currentcomputerhardware.Thisspeedsupmainmemory
accesstimesin the assumptionthat memoryreferencesare
madewith somedegreeof coherence.

2.1.1. Properties and management of the structure.

We usea multilevel cachestructurewhich consistsin a dy-
namiclist of spheres.For eachof thesespheres,we include
a list with all theraysintersectingit. Spheresarenumbered,
startingfrom 1. Centerof i-th sphereis calledci , while its
radiusis r i . Thefirst sphere(with index 1) hasits centerc1
locatedat the centerof sceneboundingbox. Radiusr1 is
chosenin sucha way that any disc falls completelyinside
first sphere.The list associatedto this first spherecontains
all theraysintersectingit (thatis, thecompletelist of raysto
process).Thelist of sphereshasn spheresandbothits length
andthespheresit containsdochangeondemandduringpro-
cessingof discs.Beforestartingto processdiscs,the list is
built with just onesphere(thefirst one).

At any time duringthecomputation,thefollowing invari-
antshold:

1. Spherelist is never empty(n � 0)
2. The first spherecontainsall raysandis fixed (its center

andradiusnever change).
3. The distancefrom ci to ci � 1 is smalleror equalthan r i .

That is, eachspherecenteris alwaysinsidetheprevious
sphere.

4. A real value f exists (with 0 � f � 1) suchthat r i � 1 �
f r i . This meansthat the ratio of radiusbetweensucces-
sive spheresis constant.

5. Beforeadiscis processed,thespherelist mustbeupdated
so that thedisc is completelyincludedin the lastsphere
(then-th sphere).
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6. If n � 1 then f rn mustbe smallerthandisc radius(this
implieswecouldnot insertanew spherebetweenlastone
andthedisc).

Theseconditionsimply that the setof raysassociatedto
onesphere(beyond the first) is always includedin the set
of raysassociatedto the previous one.This propertyis, of
course,essentialto thealgorithm.

Whena new discis processed,we checkwhetherit is in-
cludedin n-th sphere.If this is thecase,thenwedonotneed
to updatethespherelist andthelist of candidateraysis ex-
actly the list of raysintersectinglast sphere.This list is al-
readycomputedandall weneedto do is returnit for explicit
ray-discintersectiontest.

In thecasea disc is not includedin lastsphere,we com-
putethemaximalintegervaluei suchthatthediscis included
in i-th sphere(i is at least1). Thenwe remove anddeleteall
spheresbeyond that one,andn is madeequalto i. We call
this a cache fault at level i, becausethis meanswe needto
processa discwhich is not includedin the last level of our
cachestructure.

After thatwe checklastconditionfrom theabove list. If
it doesnot hold, this meanswe must createa new sphere
(whichwill bethe � n � 1� -th sphere)andaddit at theendof
the list. Its radiusis fixed by condition(4), while its center
mustbechosensoboth(3) and(5) hold. In fact,we choose
a point on the line betweencn anddisc center, exactly the
closestpossibleto disccenter(it maybeequalin somecases)
suchthatnew sphereisstill includedin previousone.Thelist
of raysfor thisnew sphereis obtainedby explicitly checking
every ray in then spherefor intersectionagainst � n � 1� -th
sphere.Whenthis new sphereis created,it is addedto the
list andn is increasedin one.

We thengo backto the point wherewe checked for last
condition,enteringa loop which endswhen it holds.This
happenswhenwecannotaddnew spheresto thelist, because
they would besmallerthanthequerydiscradius.

2.1.2. Discs coherency and sorting

The efficiency of the previous algorithm is completelyde-
pendentoncoherency of disclocations.If adiscis verynear
thepreviousone(discsorientationdoesnotmatterhere),the
probability of a cachefault is low, andwe reusethe candi-
daterayset,resultingin agreatsaving of time.

We have testedthe algorithm for polygon meshmod-
els, performingirradiancecomputationon eachmeshver-
tex. The list of vertexes obtainedfrom the model exhibits
coherency, aseachgroupof vertexesof a sameobjectsur-
facearestoredusuallyin sequence.In mostof the cases,a
vertex and the next shareoneedge,which is usuallyshort
for complex scenes.Resultsobtainedoutperformthe other
techniquedescribedin this paper(seeresultsections).

However the usageof this techniqueimposesa require-
ments(coherency) on thegeometryin orderto be efficient,

which is in contradictionof our goalexpressedin theintro-
duction(that is, to producean algorithmasmuchindepen-
dentof geometryaspossible).Moreover, it mayhappenthat
in otherapplications(suchasray-tracing),thecoherency can
belower thanin theonewe have tested.

In order to improve this, we have implementeda pre-
orderingof thediscswhichyieldsasequencewith increased
coherency. Thispre-orderingis basedonthefactthatwecan
know and store in advancethe whole set of discs to pro-
cess.For eachdisc we storethe positionof its center. This
position is expressedasa tuple � x � y� z� of three16 bit un-
signedintegervalues.Floatingpoint disccentercoordinates
arelinearly transformedsothewholerangeof availablein-
tegervaluesareused.Any of thesea valuescanbeseenas
a vectorof 16 bits,andwe usea � i � to meanthe i-th bit in a,
with i in the rangefrom 0 (the lesssignificative one)to 15
(themostone).

The sorting algorithm usesa comparisonbetweendiscs
which is basedon theseinteger coordinates.Lets suppose
we want to computewhether i-th disc with coordinates
� xi � yi � zi � is smaller(goesfirst) than j-th disc with coordi-
nates� x j � y j � zj � . Wefist checkif xi � 15�! x j � 15� , in thatcase
the test is positive (i goesfirst). If x j � 15�" xi � 15� , the test
is negative and j-th discdoesnot go before(is not smaller)
than i-th one. If both bits are equal,then we do the same
checkwith yi � 15� andy j � 15� , andif they areequalagain,we
compareMSB bits of z values.If MSB bit is not enoughwe
move to the next bit (the14th one),andwe continuedown
to LSB bit (0) until thecomparisoncanbedecidedor both
tuplesareequal(which may happenbecausewe areusing
discretevalues,but in thatcasebothdiscsareverynear).

Thealgorithmis basedon examiningbits andcanbeeas-
ily implemented.By usinganefficient quicksortalgorithm,
thewholesortingof discscanbedonevery fast,typically in
timesin theorderof oneor two secondsfor setsof 100000
discs.

Theproposedsortingincreasescoherency becauseit tends
to put togetherdiscswhich only differ in lesssignificative
bits. In fact it can be shown that the orderingis the same
we would obtainif we usedanoctreestructureto sortdiscs.
When using this technique,the numberof cachefaults is
greatlyreducedandthuscomputingtime alsoreduces(see
resultsection).

3. Avoiding Artifacts

The density estimationtechniquepresentedmay produce
certainerrorsin the irradianceestimation,andthereforein
the imageobtained,dueto theway it works.The resultare
somevisibleartifactsin thefinal image.

Two kind of artifactswill bediscussedhere.Oneof them
appearedin non convex partsof a meshandthe otherone
arosewhen part of the disc was unreachablefor any ray.
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We proposesolutionsto theseproblemsandbiasedandcor-
rectedimageswill beshown to illustrateeachof them.

3.1. Concave meshes

This artifactproduceda biasin concave meshesor partsof
a mesh.Thennon convex partsof the sceneresultedmuch
darker asthey shouldasif no rays,or only a small amount
of themreachedthesezones.An exampleis shown in figure
2 on top. On the bottomof this figure the correctimageis
alsoshown. Figure3 will be usedto explain why this hap-

(a)uncorrectedimage

(b) correctedimage

Figure 2: Concavemeshesbias

pens.Point x lies within a concavity andmostof the rays
mainly intersectthemeshbeforethey canintersectthedisc.
Thereforeall theseraysaretreatedlike blocked rays,as if
a shadow is projectedon x. In orderto avoid this undesired
effect,not only theray parametervalueof thefirst intersec-
tion of eachray is stored,but alsothe secondone(in case
it exists). If a ray intersectswith thediscbeforethesecond

x

Figure 3: Concavemeshesbias

intersectionpoint (thesecondintersectionwith anobjectof

thescenein thedirectionof theray)andthefirst intersection
point is in the samemeshasx, then the ray is countedas
intersectingthedisc.Otherwiseit is consideredthat theray
doesnot intersectthedisc.

In figure4 theintersectionof theray andthediscassoci-
atedto point x happensafter the secondintersectionpoint.
If intersectionsat thebackof a facearenotconsidered,then
it couldbesaidthat the intersectionof the ray andthedisc
happensexactlyat thesecondintersectionof therayandthe
mesh.This intersectionis rejectedanywaybecause,asit has
beenexplainedbefore,it doesnothappenbeforethesecond
intersectionwith themesh.In thiscasetheenergy carriedby
the ray will not have any influenceon x becauseit is in a
shadowedregion for rayscomingfrom thatdirection.

x

Figure 4: Anotherconcavearea

3.2. Unreachable regions

Thereis anotherkind of artifactthatwasdetectedin a scene
which wasformedby a roomanda light sourceon theceil-
ing. In this scene,theboundariesof thewalls andthe floor
weremuchdarker thanthe restof the scene.The situation
is in someway similar to the classicalboundarybiasasde-
scribedin 15. In figure5 this situationis illustrated.Any ray

c

Figure 5: Unreachableregionsbias

reflectedor originatedon theplaneof figure5 cannot reach
theshadedpartof thedisc,but,ontheotherhand,theenergy
of theseraysgetsdividedby the total areaof thedisc.This
producesa biasedlower valuefor the irradiancein thesear-
eas.In general,this happenswhena proportionof the disc
is not visible from theorigin of theray, becausepartof it is
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undertheplanetangentto thesurfaceat theray origin. This
line dividestheareaof thediscthatcanbereachedby a ray
andtheareawherethat cannot happen.This kind of situa-
tion hasto bedetectedandfor eachray, theareaof thedisc
wheresucha ray could intersectthatdisc is calculatedand
usedinsteadof thewholearea.

In figure 6 an exampleof this kind of bias is shown, as
well asthecorrectimage.

(a)uncorrectedimage

(b) correctedimage

Figure 6: Unreachableregionsbias

4. Comparison with Photon Maps

Thephotonmapstechnique6 is adensityestimationmethod
which usesphotonimpactson the objectsstoredin a data
structurecalledphotonmap.Thesearchfor photonsis per-
formedinsidea sphere.Thedensityestimationmethodpre-
sentedin this article has beencomparedwith the photon
mapmethodusingthesourcecodepublishedin 7. Both al-
gorithmswereintegratedin thesamerenderingsystemand
alsothe samephotontrackingimplementationwasusedin
bothcases.

Thereis a importantdifferenceaboutthedensityestima-
tion usedin eachmethod.Whenusingphotonmaps,the n
nearestphotonsinsidea sphereof radiusr centeredat point
x, whereirradianceneedsto beestimated,arelocated.If this
spherecontainsmphotons,wherem % n, therestof thepho-
tons,m & n, arenot used.Becausein themethodwe present

all theraysthat intersectthedisccenteredat x areused,al-
waysa high valuefor n wasusedto force thephotonmaps
methodto useall thephotonscontainedin thesphere.

The comparisonwith the photon mapsmethodwill be
doneconsideringtheerrorseachmethodproducesin theim-
ages,thestoragerequirementsandtime consumption.

All theimageswereobtainedusingdensityestimationon
the vertexesof eachmesh.This way view-independentre-
sultswereachieved.Ray tracingcouldhave alsobeenused
to selectthe points for irradiancecomputation.In fact, the
methodthatwepresentallows theirradiancecomputationat
any pointof thespaceandonly a normalvectoris needed.

4.1. Errors

Theartifactsor errorsproducedby thedensityestimationon
thetangentplane,alongwith its solutionshave alreadybeen
discussed.The photonmapsmethodalsoproducesimages
with errorsundercertaincircumstances.Someof thesesitu-
ationswill bestudied.

In figure7 aplaneis shown anddensityestimationis per-
formedatapointx closeto oneof itsedges.Thereis aregion
Rof thespacewherenophotonimpactscanbefoundbut the
irradianceestimategetsfinally dividedby thevolumeof the
wholesphere.This producesobjectswith too darkedges7.
In figure10(a) anexamplecanbeseen.Theeffect is similar
to theunreachableregionsartifact introducedbefore(dark-
eningneartheedges).

x

R

Figure 7: Darkeningneartheedges

Anothersituationwherea biasedimageis obtainedis il-
lustratedin figure8. On the top of thefigure a light source
L canbeseenandin themiddleanobstacleA, whichshould
producesomekind of shadow on theplanebelow, hasbeen
placed.If thedistancebetweenthis planeandA is lessthan
the radiusof the sphereusedfor irradianceestimationon
a point like x, then the shadow will not be obtained.This
happensbecausephotonson A will beusedto computethe
irradianceestimateat x. This kind of problemsdo not arise
whenusingraysinsteadof photonimpacts.An exampleof
thissituationcanbeseenin figure9

Finally, asstatedin the introduction,whensmall objects
arepartof ascene,they mightappearmuchdarker thanthey
should,becausethey donot receive enoughphotonimpacts.
In figure10 a sceneis shown wherea setof little rectangles
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x

L

A

Figure 8: Photonmapsmissingshadowbias

Figure 9: Photonmapsmissingshadowbiasexample

that arebeing illuminatedfrom above. The observer is ap-
proximatelysituatedunderthecenterof the light source.In
figure10(a),obtainedusingphotonmaps,therectanglesre-
sult muchdarker androughly illuminatedasin figure10(b)
which wasobtainedapplyingthetangentplanedensityesti-
mation.

4.2. Storage requirements

According to the photon mapsimplementationin 7, each
photonis storedasfollows:

typedef struct Photon {
// photon position
float pos[3];
// splitting plane for kd-tree
short plane;
// incoming direction
unsigned char theta, phi;
// photon power (uncompressed)
float power[3];

} Photon;

Theinformationstoredfor eachray in ourmethodhasthe
following structure:

typedef struct Ray{
//ray origin
float ray_origin[3];
//ray direction
float ray_direction[3];
//distance from origin to 1st intersection
float inter;
//distance from origin to 2nd intersection
float inter2;

(a) PhotonMaps

(b) Tangentplaneestimation

Figure 10: Qualitativecomparisonwith photonmapsin a
scenewith smallobjects

//photon power
float rgb[3];
//normal at the origin of the ray
float normal[3];

} Ray;

As canbe seenthe storagerequirementsfor our method
aregreater. Eachphotonis storedin thephotonmapusing28
bytesandwe need56 bytesfor eachray. If theray direction
would be codedasin the photonmapsmethod,then,each
ray could be representedusing46 bytes.This overheadis
causedby the fact that we needthe distancesfrom the ray
origin to thefirst andsecondintersectionof theray andalso
thenormalvectorat therayorigin.

If the ray-triangleintersectiontest is used,thenPlücker
coordinatesof eachrayneedalsoto bestored.Thismeans6
floatingpointnumbers(24bytes)morefor eachray.

4.3. Time consumption

Themainadvantageof thephotonmapsmethodis its speed
during the photon location process.Sometestshave been
doneusingdifferentscenes.

In figure 11 the first sceneis shown. This sceneis com-
posedof 46701vertexesand4.500.000photonswereshot
during the particletracingphase.The radiususedwas4 %
of theradiusof theboundingsphereof thescene.
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Figure 11: Teapotstestscene

To obtainthe resultsthatareshown in table1 aboutthis
scene,only 200.000photonswereshotandthe radiusused
was2 % of radiusof the boundingsphereof the scene.In
this tablethefirst columnis relatedto thedensityestimation
methodused,thesecondcolumnhasthedensityestimation
time persamplepoint expressedin hundredthsof a second,
and the third columnhasthe total densityestimationtime
expressedin seconds.

Method per point (secs./100) Total time (secs.)

1 0.549 256.0
2 0.330 154.0
3 0.003 1.4

Method

1 Raycachewithout sortingandwith Plücker coord.
2 Raycachewith sortingandPlücker coordinates
3 Photonmaps

Table 1: Time consumptionfor irr adiancecomputationfor
theteapotstestscene

Another sceneusedcan be seenin figure 12 (obtained
with densityestimationon the tangentplane)andin figure
13 (obtainedusingphotonmaps).The scenerepresentsthe
Tower of Pisawith four coloredlights aroundit. It is com-
posedof 169.831vertexesand2.000.000photons(divided
into four passesof 500.000particles)wereshotduring the
particletracingphase.Theradiususedin this casewas3 %
of radiusof theboundingsphereof thescene.Theirradiance
estimationtimeobtainedfor thisscenecanbeseenin table2.
Again, in this tablethefirst columnis relatedto thedensity
estimationmethodused,thesecondcolumnhasthedensity
estimationtimepersamplepointexpressedin hundredthsof
a second,andthethird columnhasthe total densityestima-
tion timeexpressedin seconds.

The photonmapsmethodoutperformsin termsof time

Figure 12: Obtainedwith densityestimationon thetangent
plane

Figure 13: Obtainedwith photonmaps
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Method per point (secs./100) Total time (secs.)

4 0.27 1836
5 0.08 544

Method

4 Raycachewith sortingandPlücker coordinates
5 Photonmaps

Table 2: Time consumptionfor irr adiancecomputationfor
theTowerof Pisascene

consumptionthedensityestimationon thetangentplanebe-
causeit is morecomplicatedto work in thelinesspacethan
in the3D pointsone.Therehasalsoto betakeninto account
that the implementationof photonmapsuseddoesnot in-
cludeany errorcontrolcodeasthecodeusedfor ourmethod.

Finally, it is also important to statethat the densityes-
timation time differencebetweenthe two methodsis much
smallerfor theTowerof Pisascenethanin theotherone,and
alsothe resultingimageof this sceneis of a higherquality
usingthedensityestimationon thetangentplanethanusing
photonmaps.

5. Future Work

The storagerequirementsfor the raysshouldbe decreased
in orderto allow moreraysto becreated.Ontheotherhand,
someextensionsto thebasicalgorithmarealsoplanned:non
purely diffusesurfacesandothergeometricmodelsshould
beallowed,theuseof moreadvanceddensityestimational-
gorithmsandobtentionof iterativesolutions.
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