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Abstract
Radiosity computation on scenes including objects with a complex geometry, or with a large number of faces and
meshes with very different sizes, is very complex. We present a new method (based on the Photon Maps method [7])
where density estimation on the tangent plane at each surface point is performed for irradiance computation by
using photon paths (line segments traveled by a ray) instead of photon impacts. Therefore we improve the results
for scenes containing small objects which receive only a few impacts. Also, geometry is completely decoupled from
radiosity computation.
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1 Intr oduction

In this article a methodfor computingthe radiosityvalue
at any point of a sceneis presented.This processis di-
videdinto two phases:particletracinganddensityestima-
tion [7, 13]. During theparticletracingphaseall the rays
that aregeneratedmustbe stored,alongwith someaddi-
tional information. This information(a list of rays,each
of them,carryinga certainamountof energy) is usedto
performdensityestimationat any point in order to com-
putetheirradiance.This densityestimationis doneon the
planetangentto thesurfacepointby computinghow many
raysintersecta discon the tangentplanecenteredon that
point. Several optimizationsareusedto reducethe num-
beronray-discintersectionscomputedandto speedup the
intersectiontestcomputation.

2 Motiv ation and Previous Work

Let’s supposea scene composedof various polygon
meshes.The sizeof eachmeshis very different,andthe
sizeof eachpolygonis proportionalto thesizeof themesh
it belongsto. Thereareseveralmethodsthatcouldbeused
to computeradiosityvalues.Hierarchicalradiosity[6] with
adaptive meshingcouldbe used,but the numberof small
facesmakesit difficult to controlthemeshresolutioninside
a mesh. Also, the minimum numberof top-level patches
can not be smallerthan the numberof differentmeshes,
which might be large. If hierarchicalradiositywith clus-
tering is used[15], then, small faceswould still make it
very difficult to createa setof patcheswith adaptive reso-
lution insidelargemeshes.

Another solution is to usea particle tracing passand to
counthitsoneachface[1]. Themainproblemof this tech-

niqueis thatvarianceis inverselyproportionalto facesize
[12]. Therefore,small facesor smallmesheseithercause
high varianceor requirea hugenumberof photons. The
hits densitymight be enoughfor larger faces,but not for
thesmallerones.Therefore,a few faceswill appearquite
brightbut mostof themwill appearalmostblack.

All the problems mentionedcome from the usageof
patchesfor two differentpurposes.Thepatchesareat the
sametime: elementsof the geometricmodelof thescene
and elementsusedin the reconstructionof the radiosity
function. Therefore,solutionswherethe geometryis de-
coupledfrom theradiosityseemto bemoresuitable.

Thesekind of solutionshavebeenproposedby severalau-
thors,who introducedparticletracingandphotonmapsor
densityestimation[13, 7]. However, thereis againadraw-
backof this technique.Smallobjectscausehigh variance
or requireahugenumberof photons.A certainhitsdensity
mightbeenoughfor largerobjectsbut not for smallerones
[18].

Finally let usconsideranotherwayof calculatingradiance
valuespresentedin [5]. Usingparticletracingandstoring
the approximateddistribution in a uniform 3D grid, den-
sity estimationis fully decoupledfrom geometry. The3D
structureallows to approximatetheradiosityvalueon any
point insidethecube,with any orientation.However, only
alow resolutionapproximationto radiosityis achieved,be-
causeof thestoragerequirementsimposedby the3D grid.

3 Density Estimation on the Tangent Plane

As statedbefore,this renderingmethodcanbedivided in
two phases:a photontrackingphaseanda densityestima-



tion phase.During the first phase,photonsareshotfrom
thelight sourcesin thescene.It canalsobeviewedasrays
beingshotfromthelight sourcesof thescene.Whenapho-
tonstrikesasurfaceit canbereflectedor absorbed.At this
stageof our work, no transparentobjectsare considered
andthereforeno particlesaretransmittedto theinterior of
any surface.TheBRDF andreflectivity of this surfacede-
terminesboth whethera photonshoulddie (be absorbed)
or shouldbereflected,andalsothedirectionin which it is
reflected.

Thesecondphaseusestheinformationgatheredin thepre-
viousphasein orderto computetheirradianceatany point
of thescene.Oncetheirradiancevalueis known ata point� , its radiosityvaluecanbe computeddirectly. In order
to estimatetheirradianceat a givenpoint � , a disc,on the
tangentplaneof thatpoint, is used.Thisdiscis definedby
the normalat � , a centerpoint which is � anda valuefor
theradius.At any point thesameradiuswill beused.This
restrictionwill be overcomein future work. Adding the
energy carriedby eachparticleor raywhich intersectsthat
disc,anddividing by theareaof thedisc,anestimationfor
theirradianceat � is obtained.

Theexpressionof the radianceleaving a point � in direc-
tion ��� [9] is definedin expression1:����� �
	 � ����
 ����� ��� ��	 � � 	 � � ����� ��	 � ������� ��� � � � (1)
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where " � � � is thereflectivity at � and + � � � theirradiance
at � . Equation2 showsthatin orderto computetheradios-
ity valuesatapoint � it is only necessaryto know theirra-
diancevalueat thatpoint. This irradianceis approximated
by addingthe energy carriedby the rays that intersecta
disc,centeredat � , anddividing by theareaof thatdisc.

After a photonis createdor reflected,it follows a straight
pathuntil it hits anothersurfaceor leavesthe scene.We
call ray eachof thesesegmentsvisited by a particle. A
ray is defined by a origin � and a direction vector - .
During the first phase,a vectorof . rays are generated/ � ��0 	 - 0)� 	 � �&1 	 - 1�� 	)2�2)2 � �&3 	 - 34�65
Let 7 
 /98 2)2�2 . 5 be the set of indexesof all the rays
generatedduring the photon tracking process. : ��� � �<;7 is definedasthe setof the indexesof all the rays that
intersectthedisccenteredat � with radius = . After these
definitions,theexpressionof theestimatedirradianceis:

+ � � �?>A@ ��B�CED�FHGJI�K �% = 1 (3)

where K � is theenergy carriedby thei-th ray.

Thebandwidthusedby thekerneldensityestimationis the
radiusof thediscused.Whena smalldiscis usedtheesti-
mationwill bemoreaccuratebut moreraysareneededto
reducenoise. On the otherhand,if a big disc is usedthe
estimationwill belessaccuratebut noiseis reduced[17].

In figure 1 a sceneis shown with a plane projecting a
shadow onto anotherplane. The radius usedwas 0.01
and240millions of particleswereshot(distributedin 100
passes).This scenewasusedto illustratehow the sizeof
thediscandthenumberof raysaffect theresultingimage.
Thebeforementionedimagecanbeusedasreference.

Figure 1. Radius=0.01. 100x2.400.000 rays

In figure2, thesameradius(0.05)wasusedfor every im-
age,but thenumberof raysweregraduallyincreased.This
resultsin noisereductionasthenumberof raysincreases.

(a)5.000particles (b) 105.000particles

(c) 1.005.000particles (d) 2.455.000particles

Figure 2. Radius=0.05

Finally, in figure3, 55.000particleswereshotandthera-
dius was graduallyreduced. The smallerthe radius,the
moreaccuratewasthe imageandalsothe morenoiseap-
peared.In figure4 thesameprocesswasrepeated,but us-
ing 2.450.000particles.

3.1 Error analysis

The describedalgorithm hasthreesourcesof error. We
enumeratethemhere:



(a)Radius0.20 (b) Radius0.15

(c) Radius0.10 (d) Radius0.05

Figure 3. Partic les=55.000

(a)Radius0.20 (b) Radius0.15

(c) Radius0.10 (d) Radius0.05

Figure 4. Partic les=2.455.000

1. Our target is to computeirradianceat surfacepoints.
However it is not possibleto do that for eachsurface
point (thereare infinite surfacepoints), thereforeit
is necessaryto selecta finite setof points(meshver-
texesin oursystem)for irradiancecomputation.Then
irradianceis not computedat pointsin betweenthose
selected,andsomeclassof interpolationis done.We
call this thediscretization error. Thiserroris lowered
by usingmoresamplepointswith smallerdistances
betweenthem. Of course,the algorithm is lineally
dependanton thenumberof samplepoints. In figure
5 asceneis shownwherethenumberof meshvertexes
in thelowerplaneis graduallyincreasedandit canbe

observedhow discretization error decreases.Figure
5(a) shows an extremecasewhereno samplepoints
areundertheshadowedarea.

2. We wish to computetheirradianceat selectedpoints.
By usingparticle-tracingwe cannotapproachtheex-
actirradianceatthosepoints.All wecandois to com-
putetheaverageirradianceon a disccenteredat that
point. We call this error the density estimation er-
ror, becauseit is inherentto densityestimationalgo-
rithms.It canbereducedby choosingasmallerradiusL for thediscs.

3. Computationof theaverageirradianceinsideadiscis
not exact, becausewe do that computationby using
a stochasticor Monte-Carloalgorithmbasedon ran-
domwalks. Thereforewe do not get the exactvalue
but a samplefrom a randomvariablewhosemeanis
thatvalue. Thedeviation from thesampleto the tar-
getvaluedis characterizedby thevariance.Thuswe
simply call this kind of errorvariance. Thesecanbe
diminishedby increasingthenumberof particlesM or
by increasingdiscradiusL

(a)6x6 vertexes (b) 21x21vertexes

(c) 51x51vertexes (d) 71x71vertexes

Figure 5. Radius=0.01. Partic les=2455000

We define N asthe total energy emittedin the scene,that
is: NPO QSR'TVU*W
XZY\[^]�_�`9U�MbacXZY![ed�fgU�Wh[ed�ijU*Y![
Let fkOml L&n betheareaof thediscusedfor densityesti-
mationatsomepoint W . Let o betheaverageirradiancein
thedisc. It canbeshown thatthevariancep is definedby
thefollowing expression:pqO N nM rtsvuxwlbf y s n{z
where s is equalto o}|�N , thatis, s is a normalized version
of o , M is thenumberof particles.With respectto w it can



alsobeshownthatthisvalueis approximatelyequalto ~���� ,
where� is theaveragenumberof timesa particleleaving
the dischits thediscagain. This lastnumberis nearzero
for smalldiscs.Thus � is usuallyalsonearzero.

Is is of coursenot possibleto computethevalueof � , but
its expressionshows that thevarianceis inverselypropor-
tional to theareaof thediscused.

3.2 Selecting radius and number of par tic les

In our systemwe selectmeshvertexesandperformirra-
diancecomputationon them. This meansthat we do not
attemptto reducediscretizationerror, althoughthat can
be doneby using somealgorithm to try to find the best
resolutionfor samplingirradiance.We focuson theother
two sourcesof error:densityestimationerrorandvariance.
Both errorscanbecharacterizedby two parameterswhich
canbechangedasdesired.Thesearediscradiusandnum-
berof particles.

In figure2 we seehow variancedecreaseswhenthenum-
berof particlesincreases.The noisein figure2(a) is pro-
ducedby a large variancedueto a insufficient numberof
particles.Thusthis shows theimpacton thevariancepro-
ducedby thenumberof particles.

Figure 4 shows a sequenceof imageswith low variance
(dueto a largenumberof particles),but with varyingden-
sity estimationerrordueto varyingradius.Weobservethat
theeffect of largeradiusis thattheirradiancefunctionap-
pearsblurred anddetailsarelost. Thisshowstheinfluence
of radiusontodensityestimation.

Computingtime andstorageis mainly dependenton the
numberof particles. We can fix this value accordingto
ourqualityrequirementsandouravailability of timeand/or
memory. Thentheradiusshouldbemadeinverselypropor-
tional to thenumberof particles.

To illustratethis figure3 shows againsequenceof images
obtainedwith afixednumberof particlesandwith varying
radius. However in this casethis numberof particlesis
moderate(55.000). For a very large radius,(figure 3(a))
densityestimationerror becomesdominant,and shadow
disappears.On the other hand, for a very small radius,
varianceis visible in theform of noise(figure3(d)).

3.3 Photon Tracking process

The photontrackingprocesssimulatesthe energy flow in
thescene.Thissimulationis implementedbyshootingpar-
ticles from the light sourcesandby following the pathin
the sceneof eachparticleuntil it getsabsorbedor leaves
thescene.Eachparticlegoesthroughfinite a sequenceof
states. The stateof a particlecanbe describedby a ray�����*�
�$�!� and a weight � , which is a real value. The
first stateis called the initial state. At eachstepof the
simulation,a particlegoesfrom onestateto another. This
is usuallycalleda transition. The ray of eachstateis se-
lectedstochastically, accordingto someprobabilitydensity
function,while theweightcanbeobtainedasa functionof
previousweightandcurrentray.

Selectionof thefirst stateis madestochasticallyby usinga

probabilitydensityfunctioncalled��� . Thevalue �h� �����Z�!�
is the(differential)probabilityfor selectingray �4�������Z�!�
asthe first ray for a particle. Transitionsaregovernedby
the transitionprobability densityfunction ��� . The value��� ���&�6�V� is the (differential)conditionalprobability for se-
lecting ray � for the next statewhen � is the ray of cur-
rent state. Note that both � � and � � areprobability den-
sity functions.Thismeansthatthereexiststwo probability
measures( � � and � � ) suchthat� � �*�
�Z�\�'��� � � ���
�$������9� �*�h� ��� �*�!� � � �����Z���$���Z�����S� � � �*�
�$���Z���Z������ ���e� �9� �����
where� areameasureand � is solidanglemeasure.

If ���������Z�!� and �����*���Z��� , we canwrite � � �����Z���$���Z���
insteadof � � �*�&���V� . Thisvalueis cerowhen � is not thefirst
visiblepoint from � in direction �
3.3.1 Transition probabilities and par tic le weight

update

Supposetheinitial stateof a particleis �*���9�Z�v�J� . Thenits
initial weightis:� � �  ¡£¢ � �*� � �Z� � �� � ���c���$�¤�&�¦¥)§�¨ ��¡ � �Z� � �
where ¡�� is thenormalat ��� and ¡ is thetotal numberof
particlesshot. After eachbounce,theweightof a particle
needsto beupdated.Let assumethat © -th stateof aparticle
is ����ª^�Z�«ª�� , and the weight at that stepis � ª (with ©­¬®
). For the next statethe ray ���hª�¯�°&�$�«ª{¯�°J� is selected.

Necessarily, point ��ª{¯�° is thefirst visiblepoint from �hª in
direction �«ª . Direction �«ª{¯�° is selectedat random.The
next weight � ª�¯�° is obtainedas:� ª�¯�°±� ²&³ ���hª�¯�°��Z�«ª{¯�°��)´µ�«ª�� ¥)§�¨ �*¡
ª{¯�°��Z�«ª{¯�°��� � ��� ª �Z� ª �$� ª{¯ ° �$� ª�¯�° � � ª
where¡
ª�¯�° is thenormalat point �hª{¯ ° .
3.3.2 Monoc hromatic par tic les in diffuse scenes

The general case has been explained in the previous
section, but in our application, scenesurfacesare dif-
fuse, this meansthat ²&³ �*�hª{¯ °&�$�µª�¯�°��Z�«ª�� can be writ-
ten as ¶ ����ª{¯�°J�$·&¸ , where ¶ �*�hª{¯ °)� is the hemispherical-
hemisphericalreflectivity at �hª�¯�° (this valueis between0
and1). Emissionof energy is alsodiffuse,thus ¢ � ����¹&�Z�«¹��doesnotdependon �µ¹ .
Moreover, we usetwo simpleversionsof � � and � � . With
respectto � � , it is definedas� � �*���9�Z�v�&�(�  º ¢ � �����9�Z�v�V� ¥�§�¨ ��¡����Z�v�&�
the factor   · º is introducedbecause�h� mustbe normal-
ized.(

º
is thetotalenergyemittedin thescene)Theabove

selectionof � � implies that particlesdo follow a diffuse
distribution whencreated(directionsnearthe normalare
moreoftenselectedthandirectionsnearthehorizon).This
is alsothe casefor the selectionof an outgoingdirection



after a reflectionbecausewe usethe following versionof»�¼ :»�¼{½*¾h¿�À$Áµ¿^ÀZ¾h¿�Â�Ã�ÀZÁ«¿{Â�Ã�ÄÆÅ Ç�½�¾h¿�Â�Ã)Ä�È�É�Ê ½�Ë ¿{Â�Ã À$Á ¿�Â�Ã ÄÌ
factor ÍVÎ Ì above is also introducedfor normalization.
With thesedefinitions,wecansimplify theexpressionsforÏ�Ð

and
Ï ¿{Â�Ã . We obtain:Ï Ð ÅÒÑË Ï ¿{Â�Ã<Å Ï ¿

Thus all monochromaticparticleshave the sameweight
( Ñ Î Ë ) atall stepswhenonly diffusesurfacesareused.

Note that Çh½*¾ ¿{Â�Ã Ä is a factor of » ¼ . This value is the
survival probability. This meansthat with probabilityÍgÓ Ç�½�¾ ¿{Â�Ã Ä , the particle is absorbedafter Ô states,and
with probability Ç�½�¾�¿{Â�Ã�Ä it is reflected(atpoint ¾�¿{Â�Ã ).
3.3.3 Coloured par tic les

The above formulation is valid for monochromaticlight.
However, in realityeachphotonhasawavelength,andbothÇ and Õ¤Ö dependonwavelength,producingcolouredlight.
Thuswe cannotassumethat Õ¤Ö ½�¾ Ð À$Á Ð Ä nor Ç�½�¾�¿{Â�Ã�Ä are
realvaluesbut functionsof wavelength.

In orderto accountfor colour, we have two options: one
of themis to assigna wavelengthto eachparticle. How-
ever this hasa drawback,becauseit may causeuncorre-
latednoiseat eachwavelength.This implies thatnoiseis
moreperceptiblethanit is for monochromaticlight.

Secondoption we have is to use vectors for particle
weights.In this case,eachparticleweight is a vectorwith
onerealvaluefor eachcolorcomponent(threein ourcase,
correspondingto thergb colourmodel). This implies that
particlesarecolouredparticlesinsteadof monochromatic
or single-wavelengthparticles.This is anartificial concept
introducedto performthe light transportsimulation. The
vector-weightof aparticlecanbeinterpretedasits colour.
Eachcomponentof thecolourof aparticleis updatedafter
eachreflectionby usingthe sameformulationintroduced
previously.

Note that Çh½*¾hÄ is also a vector, with one real value for
eachcomponent.This implies we canno longerusethe
value Ç�½�¾�Ä asthe survival probability. Insteadof this, we
needto usea survival probability which is equal for all
wavelengthsor colourcomponents(otherwisesomecolour
componentsmaybeabsorbedandothermaybereflected,
which hasno sensein this context).

Thus,wewill assumethatweights
Ï ¿ or

Ï ¿{Â�Ã arevectors,
andthis is alsothecaseof hemisphericalreflectivity Ç�½�¾hÄ .
In our system,transitionprobabilitiesareequalto:»�¼{½�¾�¿^ÀZÁ«¿�À$¾h¿{Â Ã&À$Áµ¿�Â�ÃJÄ×ÅÒØµ½ Ï ¿�À$¾h¿{Â Ã)ÄjÈ)É�Ê ½*Ë ¿{Â�Ã ÀZÁ ¿{Â�Ã ÄÌ
whereØµ½ Ï ¿ ÀZ¾ ¿�Â�Ã Ä is arealvalue(between0 and1) which
dependson bothpreviousweight vector

Ï ¿ andpoint ¾ ¿ .

Thusthisvaluecanbeinterpretedasthesurvival probabil-
ity afterstepÔ . With thisversionof »�¼ , updatingof vector-
weightsis doneby usingthefollowing formulation:Ï ¿{Â ÃÙÅ Çh½*¾ ¿{Â�Ã ÄØµ½ Ï ¿�À$¾h¿{Â Ã)Ä Ï ¿
for any vector Ú andscene-point¾ , real value Øµ½ Ú ÀZ¾�Ä is
definedas: Øµ½ Ú ÀZ¾�Ä?ÅÜÛÞÝ^ß ½ Ú Çh½*¾hÄ$ÄÛÞÝ^ß ½ Ú Ä
For any vector à encodinga colour, ÛáÝ^ß ½ à Ä is the lumi-
nanceof à . Luminanceof a colour à canalwaysbe ob-
tainedasa weightedsumof the componentsof à , that is,
theluminanceof à is thedotproductof à andanothervec-
tor È (whosecomponentssumto one)[4].

Notethat,for any colour Ú , luminanceof Ú Ç�½�¾�Ä is always
smalleror equalto the luminanceof Ú . Thenwe deduce
thatfor any point ¾ , âäã Øµ½ Ú À$¾hÄvå Í . Thisensureswecan
use Øµ½ Ï ¿^ÀZ¾h¿�Ä asthesurvival probabilityat step Ô .

3.4 Ray-disc Inter section calculation

In order to perform a densityestimationon the tangent
plane,ray-discintersectionsneedto be computed. First,
it is necessaryto obtainthe intersectionpoint æ of the ray
andtheplanewhich containsthediscandthento checkif
thedistancebetweentheintersectionpoint æ andthecenter
of thedisc ¾ is lessor equalto the radius. If the distance
squaredis greaterthantheradiussquared, theraydoesnot
intersectthedisc. This methodimpliesseveraloperations
which canintroducea greatoverheadwhenmany of these
intersectionstestsarecomputed.

Becausethe disc size is generallyrelatively smaller, as
comparedto the size of the scene,only a small sub-
set of rays will intersecteachdisc. A ray-trianglepre-
intersectiontest,whichis computedfasterthentheray-disc
one, could be usedto discardrays that can not intersect
eachcircle. If no intersectionis found, thenno intersec-
tion point needsto be computed.If a ray doesnot inter-
secta trianglecontainingthedisc, thenit cannotintersect
the disc andthereforethe ray-discintersectiontest is not
necessary. Therefore,time consumptionis reducedunless
mostof theraysintersectthedisc(which doesnot happen
in ourapplication).

Several ray-triangle intersection algorithms have been
tested: one basedon Plücker coordinatesand the algo-
rithmsdevelopedby Möller [10], Segura[11] andBadouel
[2]. Also a performanceanalysishasbeenmadeabout
thesealgorithmsin orderto usethemostefficientone.The
useof Plücker coordinatesproved to be the bestmethod
for our application.

3.4.1 Plücker coor dinates

Plücker coordinatesareusedto accelerateray-discinter-
sectiontests.Any directedç line in 3D spacecanberepre-
sentedusingPlücker coordinates[16, 3, 14] asa six-tupleè«é

. Usingthepermutedinnerproductof two of thesesix-
tuplesthe relative orientationof the two directedlines ê Ã ,



ë�ì canbeobtained.If this product,íïî{ðbñòíïî ì , is zerothen
the two lines arecoplanarwhich meansthey intersector
areparallel. If thepermutedinnerproductis positive thenë ð goescounterclockwisearoundë�ì andvice versa.If the
permutedinnerproductis negativethenthenë ð goesclock-
wisearoundë�ì andviceversa.

In figure6 thesetwo situationsareillustrated.On thepic-
tureson left side ë�ì goescounterclockwisearoundë ð and
on thepictureson theright side ë�ì goesclockwisearoundë ð . In figures ó�ôöõ)÷ , and ócô*ø�÷ line ë ð is representedas a
dot andis perpendicularto thepaperandpointinginto the
paper.

(a)

(b)

r1

r2

r1

r2

(c)

(d)

r1

r2

r1

r2

Figure 6. Relative orientation of two lines

Plückercoordinatescanbeusedto testwhetheraray inter-
sectsa polygon. If theedgesof a polygonarerepresented
usingPlücker coordinates,a ray intersectsthatpolygonif
andonly if it hits oneof theedgesor it goesclockwiseor
counterclockwisearoundall the edges.It is importantto
statethat the ray mustgo aroundin the sameway for all
theedges,or otherwiseit doesnot intersectthepolygon.

In ourapplicationintersectionsatthebacksideof thepoly-
gon shouldbe discarded.Thus,even if a ray goesin the
samedirectionaroundall the edgesonly oneorientation
(counterclockwise)correspondsto a ray-polygonintersec-
tion at thefront face.

n

r

Figure 7. Ray-triangle inter section with ori-
ented edges

In our implementation,we usea triangleformedby three
directedlines for eachdisc. Eachtriangle is constructed
counterclockwise(asin figure7), whichmeansits directed

edgesgo counterclockwisewhenlooking at the triangle’s
front face(thenormal ù comestowardsthereader).If aray
intersectsoneof thesetrianglesit mustgo counterclock-
wisearoundthethreeedges.Therefore,if the innerprod-
uct of the Plücker coordinatesof the ray andoneedgeis
negative,thenthatray doesnot intersectthetriangleat the
front faceandneitherthedisc.

Theray-discintersectiontestis thereforeperformedasfol-
lows. For eachdiscusedfor densityestimationa triangle
containingthat disc is defined. The threeedgesarecon-
vertedto directedlines. Thesethreelines arethenrepre-
sentedwith Plücker coordinates.Also, eachray haspre-
viously beenrepresentedwith Plücker coordinates. Be-
fore the ray-disc intersectiontest is computed,the ray
is testedto go counterclockwisearoundthe threeedges,
whichmeansthepermutedinnerproductof eachedgeand
theray mustbepositiveor zero.

3.5 Ray Discretization

A fastray-discintersectiontestis notenoughto efficiently
processthousandsor millions of raysat eachvertex. The
irradiancecomputationwould not beefficient if every ray
hadto betestedfor intersectionwith thediscassociatedto
eachpoint. In our application,thedisc radiuswill always
besmall in comparisonto thescenesize. Therefore,most
of therayswill not intersecteachdiscbut thelargenumber
of intersectiontestscalculatedwouldproducearemarkable
overhead.A fastway to rejectmostof theraysthatdo not
intersecteachdisc is needed. We have developeda ray
discretizationschemeto achievethis.

In order to explain how the discretizationschemeworks,
first aninitial assumptionwill bemade:thatonly rayswith
thesamedirectionareused.Thissimplificationwill helpto
understandthe generalcaseexplainedlater. The rayscan
have differentorigins,but the samedirectionvector. Un-
dertheseconditionswe couldprecomputetheintersection
point of eachray with a planeperpendicularto this direc-
tion. The areaof the planewheretheseintersectionscan
befoundmustbeinsidethesceneboundingsphereandcan
bedividedusinga2D uniformgrid. Thus,eachcell in this
grid will containa list of rayswhoseintersectionwith the
perpendicularplanearelocatedinsideits associatedarea.
Eachray will thereforebein theray list associatedto one,
andonly onecell.

If a disc is projected(along the rays direction) onto the
beforementionedplane,theprojectionof thediscwill fall
oversomeof thegrid cells. Theraysthatcanintersectthe
disc areonly thosewhoseintersectionbelongsto that set
of grid cells coveredby the projecteddisc. This way, the
problemof finding which rays intersecta disc is reduced
form threeto two dimensions.Potentialintersectionsare
searchedin a 2D grid.

It is necessaryto extendthepreviousmodelto allow rays
with arbitrarydirections. The rayswill be groupedcon-
sideringits direction.Raysseparatedby a shortarclength
will be in the samegroup. Also, eachgroupwill have a
representativedirectionvectorú�û . A unit sphere,represent-
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Figure 8. Ray discretization

ing all possibleray directionsis first divided into patches.
Eachpatchrepresentsa setof directions.Thedirectionof
thevectorthatgoesfrom thecenterof thesphereto thecen-
ter of a patchwill betherepresentativedirectionof all the
possibledirectionsin thatpatch. In figure 8 the direction
indicatorvectorandtheperpendicularplaneassociatedare
shown.

Oncethecorrectpatchor groupfor arayis found,therayis
intersectedwith a planethat is perpendicularto therepre-
sentativedirectionvectorof thatpatchandthathasalready
beendividedby a 2D uniform grid. Theray is thanadded
to the list of the cell that containsthe intersectionpoint.
This processis repeatedfor every ray.

After that preprocessing,eachdisc is projectedonto the
2D uniformgrid associatedto eachpatchor ray groupand
only ray-discintersectiontestsneedto becomputedfor the
rayswhichareonthelist of thegrid cellsthatfall underthe
projecteddisc.

Thereis still onething to considerabouttheprojectionof
thedisc.Raysin thesamegrouparenotparallelbut thearc
lengthbetweenany of themand ü�ý is smalleror equalto an
angle þ�ý (for the i-th patch). This factmustbe taken into
accountwhenprojectingthedisc.Now araymayintersect
thediscoutsidetheprojection.This situationcanbeseen
in figure9.

αi

Figure 9. Disc projection

Thereforethe projectionof the disc needsto be adjusted
taking into accountthe rangeof possibledirectionsin a
patch. This can be achieved by computingthe maximal
areaon theplanewherean intersectionof oneof the rays
of thepatchandthedisccanhappen.

3.6 Avoiding Ar tifacts

The densityestimationtechniquepresentedis an approx-
imate techniquewhich may producecertainerrorsin the
irradianceestimation,andtherefore,visible artifactsmay
arisein thefinal image.

Two kind of artifactswill bediscussedhere.Oneof them
appearedin nonconvex partsof a meshandtheotherone
arosewhenpartof thediscwasunreachablefor any ray. In
thenext sectionseachartifactwill beexplainedwith more
detailandsolutionswill beproposed.

3.6.1 Conca ve meshes artifact

This artifact produceda bias in concave meshesor parts
of a mesh. Thennon convex partsof the sceneresulted
muchdarker asthey shouldasif no rays,or only a small
amountof themreachedthesezones.An exampleis shown
in figure10ontop. Onthebottomof thisfigurethecorrect
imageis alsoshown.

(a) correctedsolution

(b) uncorrectedsolution

Figure 10. Conca ve meshes bias

Figure11 will beusedto explain why this happens.Pointÿ lieswithin aconcavity andmostof theraysmainly inter-
sectthemeshbeforethey canintersectthedisc.Therefore
all theseraysaretreatedlikeblockedrays,asif ashadow is
projectedon ÿ . In orderto avoid this undesiredeffect, not
only therayparametervalueof thefirst intersectionof each
ray is stored,but alsothesecondone(in caseit exists). If a
ray intersectswith the discbeforethesecondintersection
point(thesecondintersectionwith anobjectof thescenein
thedirectionof theray)andthefirst intersectionpoint is in
thesamemeshas ÿ , thentheray is countedasintersecting
the disc. Otherwiseit is consideredthat the ray doesnot
intersectthedisc.

In figure12 theintersectionof theray andthediscassoci-
atedto point ÿ happensafterthesecondintersectionpoint.
In this casetheenergy carriedby theray will not haveany
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Figure 11. Conca ve meshes bias

influenceon � becauseit is in a shadowedregion for rays
comingfrom thatdirection.

x

Figure 12. Another conca ve area

3.6.2 Unreac hable regions

There is anotherkind of artifact that was detectedin a
scenewhich wasformedby a room anda light sourceon
the ceiling. In this scene,theboundariesof thewalls and
thefloor weremuchdarker thantherestof thescene.The
situationis in someway similar to the classicalboundary
biasasdescribedin [17]. In figure13thissituationis illus-
trated.

c

Figure 13. Unreac hable regions bias

Any ray reflectedor originatedon the planeof figure 13
cannot reachtheshadedpartof thedisc,but, on theother
hand,theenergyof theseraysgetsdividedby thetotalarea
of the disc. This producesa biasedlower value for the
irradiancein theseareas.In general,thishappenswhenthe
full disc is not visible from the origin of the ray, because
partof it is undertheplanetangentto thesurfaceat theray
origin. This line divides the areaof the disc that canbe
reachedby a ray andthe areawherethat cannot happen.

Thiskind of situationhasto bedetected(usingthedistance
from the centerof thedisc to the plane)andfor eachray,
the areaof the disc wheresucha ray could intersectthat
discis calculatedandusedinsteadof thewholearea.

In figure 14 an exampleof this kind of bias is shown, as
well asthecorrectimage.

(a)uncorrectedsolution

(b) correctedsolution

Figure 14. Unreac hable regions bias

4 Results

In figure 15 a complex scenewhereirradianceestimation
on the tangentplanewas usedto obtain radiosity values
is shown. This sceneis composedof 46701vertexesand
4.500.000primaryrayswereused,but dividing thewhole
processinto 3 passesof 1.500.000rays due to the main
memorystoragerequirements.The numberof raysused
is high to ensurea low noiselevel. The boundingsphere
of the scenehasa radiusof 10 units andthe radiusused
for eachdisc was0.2. The irradianceestimationtime for
eachvertex in eachpasswas0.069secondsonaPCwith a
AMD Athlon XP 1900+CPUrunningLinux.

5 Comparison with Photon Maps

The photon mapstechnique[7] is a density estimation
methodwhich usesphotonimpactson the objectsstored
in a datastructurecalledphotonmap.Thesearchfor pho-
tonsis performedinsidea sphere.Thedensityestimation
methodpresentedin this article hasbeencomparedwith
thephotonmapmethodusingthesourcecodepublishedin
[8]. Bothalgorithmswereintegratedin thesamerendering
systemandalsothesamephotontrackingimplementation
wasusedin bothcases.



Figure 15. Comple x scene

Thereis animportantdifferenceaboutthedensityestima-
tion usedin eachmethod. Whenusingphotonmaps,the
� nearestphotonsinsidea sphereof radius � centeredat
point � , where irradianceneedsto be estimated,are lo-
cated. If this spherecontains� photons,where ��� � ,
therestof thephotons,��� � , arenotused.In themethod
we presentall theraysthat intersectthedisccenteredat �
areused,thuswe usea high valuefor � wasusedto force
the photonmapsmethodto useall the photonscontained
in thesphere.

Theartifactsor errorsproducedby the densityestimation
on thetangentplane,alongwith its solutionshave already
beendiscussed.The photonmapsmethodalsoproduces
imageswith errorsundercertaincircumstances.Someof
thesesituationswill bestudied.

In figure16aplaneis shown anddensityestimationis per-
formedatapoint � closeto oneof its edges.Thereis a re-
gion 	 of thespacewherenophotonimpactscanbefound
but the irradianceestimategetsfinally dividedby thevol-
umeof the whole sphere.This producesobjectswith too
dark edges.In figure19(a)an examplecanbe seen.The
result is similar to the unreachableregionsartifact intro-
ducedbefore(darkeningneartheedges).

x
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Figure 16. Bias near the edges

Anothersituationwherea biasedimageis obtainedis il-
lustratedin figure17.

x
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Figure 17. Missing shado w bias

Onthetopof thefigurea light source
 canbeseenandin
themiddleanobstacle� , which shouldproducea shadow
on the planebelow, hasbeenplaced. If the distancebe-
tweenthisplaneand � is lessthantheradiusof thesphere
usedfor irradianceestimationon a point like � , thenthe
shadow will not be obtained.This happensbecausepho-
tonson � will beusedto computethe irradianceestimate
at � . This kind of problemsdo not arisewhenusingrays
insteadof photonimpacts. An exampleof this situation
canbeseenin figure18

Figure 18. Missing shado w bias

Finally, asstatedin the introduction,whensmall objects
arepart of a scene,they might appearmuchdarker than
they should,becausethey do not receive enoughphoton
impacts. In figure19 a sceneis shown wherea setof lit-
tle rectanglesthatarebeingilluminatedfrom above. The
observer is approximatelysituatedunderthecenterof the
light source.In figure19(a),obtainedusingphotonmaps,
therectanglesresultmuchdarker androughly illuminated
asin figure19(b)whichwasobtainedapplyingthetangent
planedensityestimation.

Themainadvantageof thephotonmapsmethodis its speed
duringthephotonlocationprocess.Sometestshave been
doneandit outperformsin termsof time consumptionthe
densityestimationon thetangentplanebecauseit is more
complicatedtowork in thelinesspacethanin the3D points
one.Ontheotherhand,wearecurrentlyworkingonbetter
methodsthan the ray discretizationpresentedto obtaina
fastselectionof theraycandidatesto intersectadisc.



(a)PhotonMaps

(b) Tangentplaneestimation

Figure 19. Partic les=50000

6 Future Work

Thestoragerequirementsfor theraysshouldbedecreased
in orderto allow moreraysto becreated.Also, theray-disc
intersectiontesttimecouldbereducedbymoreefficientin-
dexing schemes.Ontheotherhand,someextensionsto the
basicalgorithmarealsoplanned:non purely diffusesur-
facesandothergeometricmodelsshouldbe allowed, the
useof more advanceddensityestimationalgorithmsand
obtentionof iterativesolutions
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